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ABSTRACT 

This  r epor t  documents t he  r e s u l t s  of a study of the  s t r u c t u r a l  damage 

p o t e n t i a l  of t h e  sonic  boom. The ~ L J ~ : .  was sponsored by NASA, under Grant 

Number NGR-37-002-051. 

The p ro jec t  was d i r e c t e d  by D r .  R. L. Lowery, Professor .  The major 

p a r t  of t h e  work was done as a doc to ra l  d i s s e r t a t i o n  by T.  V, Seshadri  

which i s  documented i n  Appendix A. H e  was a s s i s t e d  a t  var ious  s tages  by 

Jack Bayles and R e i d  Kearl ,  both of whom are doc to ra l  candidates .  

f i e l d  tests on windows were performed by Edward Or losk i ,  M. S .  candidate .  

The 



SUMMARY 

The response of glass windows t o  sonic  boom e x c i t a t i o n  i s  of pr ime 

importance s ince  f a i l u r e s  of t h i s  t y p e  may u l t ima te ly  prove to  be t h e  

l i m i t i n g  f a c t o r  t o  t h e  overland f l i g h t  of t h e  SST. 

g l a s s  window is sudden, o f t e n  spec tacu la r  and seldom open t o  interpre- 

t a t  ion.  

The f a i l u r e  of a 

The p red ic t ion  of t h e  response of a s p e c i f i c  window t o  a given 

boom is complicated by t h e  mechanical and a c o u s t i c a l  coupling e x i s t i n g  

between t h e  window and t h e  remainder of t h e  s t r u c t u r e  i n  which it is  

mounted. Since t h e r e  e x i s t s  an almost i n f i n i t e  a r r a y  of s t r u c t u r a l  con- 

f i g u r a t i o n s ,  i t  would be impossible t o  analyze each of them separa te ly .  

I n  much 6f t h e  e a r l i e r  work, however, c e r t a i n  t r ends  have been e s t ab l i shed  

which seem t o  i n d i c a t e  t h a t  a "worstti ca se  of window response might be 

e s t a b l i s h e d  a s  t h e  g r e a t e s t  uppe r  bound f o r  a l l  s t r u c t u r e s .  

The primary o b j e c t i v e  of t h i s  s tudy  i s  t o  determine the  charac te r -  

i s t ics  f o r  t h e  hypothe t ica l  "most c r i t i c a l "  s t r u c t u r e .  

Severa l  d i f f e r e n t  problem a r e a s  a r e  involved in  t h i s  search.  

1. 

2 .  

3 .  

4. 

How can t h e  s t r u c t u r a l  systems be reduced t o  e a s i l y  used 

lumped parameter representa t ions?  

What a r e  t h e  damping mechanisms of t h e  s t r u c t u r e s  and what 

are reasonable  va lues  f o r  t h e  c o e f f i c i e n t s ?  

I n  what way does t h e  number of degrees  of freedom of motion 

e f f e c t  t h e  s e v e r i t y  of t h e  response? 

How does t h e  p red ic t ed  response compare wi th  a v a i l a b l e  

1 
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f i e l d  data? 

A lumped parameter modeling s y s t e m  was der ived  i n  which t h e  window 

or  f l e x i b l e  panel can be rep laced  hy a lumped mass and an equiva len t  

sp r ing  and damper, I n  t h i s  p a r t i c u l a r  model t h e  d e f l e c t i o n  of t h e  sys- 

t e m  is preserved a s  i t s  damping f a c t o r  and n a t u r a l  frequency. 

lumped parameter model ag rees  mathc..;tically wi th  t h e  continuous model, 

f o r  f i r s t  mode response for  s i m p l y  .,-sported p l a t e s .  

dered accep tab le  even though t h e  "1;" dave e x c i t a t i o n  e x c i t e s  higher har- 

The 

This was consi-  

monics i n  t h e  p l a t e .  

c i d e  w i t h  a displacement mode of t h e  window; t h e r e f o r e ,  t h e  fundamental 

mode i s  by f a r  t h e  most c r i t i c a l  one i n  r e l a t i o n s h i p  t o  coupl ing wi th  

o t h e r  p a r t s  of t h e  system. 

The most c r i t i c a l  response conf igu ra t ion  must coin- 

Damping mechanisms of mechano-acoustical systems were s t u d i e d  i n  

three d i f f e r e n t  ways: 

1. Analy t i ca l  study of damping of Helmholtz r e sona to r s  and rec- 

t angu la r  panels.  

2 ,  Experimental measurements P+ damping of a small a c o u s t i c a l  

r e sona to r .  

3,  F i e l d  measurements of 99 s t o r e f r o n t  windows, a s  mounted. 

Although t h e  agreement between theory  and experiment i s  good f o r  

t h e  Helmholtz r e sona to r  it i s  i n  e r r o r  f o r  windows because of t h e  e f f e c t s  

of mechanical f r i c t i o n  i n  t h e  mounting. The damping s t u d i e s  nonethe less  

s e rve  t h e  purpose of i d e n t i f y i n g  a rGasonable va lue  f o r  t h e  damping 

c o e f f i c i e n t  f o r  use i n  t h e  e q u i v a l a r  lumped parameter model. 

The c r i t i c a l  s t r u c t u r a l  conf igu ra t ions  f o r  son ic  boom response were 

i s o l a t e d  by f i r s t  studying t h e  gene ra l  t r a n s i e n t  response s p e c t r a  of 

undamped systems having vary ing  degrees of freedom and then  by f ind ing  

t h e  s t r u c t u r e  t h a t  t c l o s e l y  f i t s  t h e  equat ion .  The s e v e r i t y  of 
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response appears no t  t o  be r e l a t e d  to t h e  complexity of the  system and a 

system having two degrees of freedom can be considered t h e  c r i t i c a l  case.  

The var ious  s t r u c t u r a l  v a r i a t i o n s  were modeled both on t h e  d i g i t a l  com- 

puter ,  us ing  a p red ic to r - co r rec to r  approach, as w e l l  as on an analog 

computer. 

The comparison of a l imi t ed  ac;,,,:it of f i e l d  da t a ,  recorded a t  

Edwards A i r  Force Base, wi th  theor*  I Lial values  was undertaken but t h e  

r e s u l t s  were somewhat inconclusive The measured s t r a i n s  a r e  lower than 

t h e  c a l c u l a t e d  values  bu t  n o t  t o  the  ex ten t  t h a t  t h e  c a l c u l a t i o n s  can not 

be used i n  e s t a b l i s h i n g  t h e  g r e a t e s t  upperbaund of response.  

t h e  d i f f i c u l t y  i n  modeling t h e  test s t r u c t u r e  a t  Edwards A i r  Force Base 

was i n  t h e  unusual cons t ruc t ion .  The tes t  room was a two-car garage i n  

which a l a rge  window was i n s t a l l e d  i n  p lace  of t h e  door, Exposed insu la-  

t i o n  b a t s  were also i n s t a l l e d  i n  t h e  room making t h e  exact  determinat ion 

of boundary condi t ions  very  d i f f i c u l t .  

P a r t  of 

The modeling techniques pre-  

sented here  w i l l  probably prove to b c  much more accura t e  i n  test con- 

f i g u r a t i o n s  i n  which t h e  p r o p e r t i e s  are more e a s i l y  con t ro l l ed .  



CONCLUSIONS 

The conclus ions  r e f l e c t i n g  t h e  major o b j e c t i v e s  of t h i s  study are 

l i s t e d  below. Addi t iona l  c o n c l u s i t ~ ~ l -  and r e c m e n d a t i o r l s  are l i s t e d  i n  

Appendix A.  

1. The most c r i t i ca l  l i n e a r  conf igu ra t ion  f o r  response t o  t h e  sonic  

boom i s  a room having one l a rge  window and a proper ly  tuned po r t .  

l a r g e s t  magni f ica t ion  f a c t o r  t o  be expected f o r  an a c t u a l  window i n s t a l -  

l a t i o n  cons ider ing  r e a l i s t i c  damping values, i s  7.0. These condi t ions  

The 

could e x i s t  i n  a room having a volume of 9,000 cubic  f e e t ,  a window w i t h  

dimensions of 10 f e e t  by 8 f e e t  by & inch and an opening of 14 square 

f e e t ;  p ropor t ions  commonly found i r k  ii;any small s t o r e s  and bus inesses .  

Consider ing a des ign  f a c t o r  of 2.5 i:*< maximum al lowable a r e a  of 1/4 inch 

g l a s s  i s  about 60 square f e e t  i n d i c a t i n g  t h a t  a t  l e a s t  8 ou t  of every  

1,000 windows would f a i l .  Th i s  estimate is pess imis t i c  on one hand 

s i n c e  t h e  dynamic s t r e n g t h  of g l a s s  is o f t e n  g r e a t e r  than  t h e  s t a t i c  

s t r e n g t h .  However, no cons ide ra t ion  is  given t o  s u r f a c e  flaws which 

tend t o  develop a f t e r  g l a s s  has been i n s t a l l e d  f o r  a per iod  of t i m e .  

2. A l a r g e  room having a f l e x i b l e  u n i t  roof and one l a r g e  window 

can e x h i b i t  a magni f ica t ion  f a c t o r  of 3.5 f o r  t h e  response of t h e  win- 

dow. 

3. A damping f a c t o r  of .03 is r e p r e s e n t a t i v e  f o r  s t o r e  f r o n t  win- 

dows. 

4. The t h e o r e t i c a l  damping f a c t o r  of a p l a t e  i n  a n  i n f i n i t e  

b a f f l e  is  a f u n c t i o n  only of i t s  a spec t  r a t i o .  The r e r a d i a t i o n  damping, 

4 
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however is ins igni f icant  when con,!J... . L t o  the  damping produced by edge 

effects and by mechanical f r i c t i o n .  

5 .  Large windows must be driven w e l l  in to  t h e i r  nonlinear regions 

before f a i l u r e  occurs. 

i s  manifested having t h e  e f f e c t  of l imit ing t h e  maximum displacement. 

Under these conditions a harddning "nonlinearity" 
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mechanisms of t h e  networks were s tud ied  t o  f i n d  the  lower bound 
f o r  t h e  damping r a t i o  i n  r e p r e s e n t a t i v e  structures.  
e ter  models were developed t o  represent  t h e  response of t h e  ne t -  
works t o  long-wave t r a n s i e n t  exc i t a t ion .  An upper bound f o r  the  
maximax response was obta ined  by f ind ing  t h e  most c r i t i ca l  repre-  
s e n t a t i v e  p r a c t i c a l  system and i ts  response.  The response of t he  
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The energy d i s s i p a t i n g  

Lumped param- 

Findings and Conclusions: The der ived  mathematical  model adequately 
r e p r e s e n t s  t h e  response.  The energy d i s s i p a t i n g  mechanisms i n  the  
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freedom system i s  bounded. 
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dynamic a m p l i f i c a t i o n  f a c t o r  is about  8. Hence t h e  equiva len t  

. s t a t i c  load on t h e  window is 20 psf  f o r  a 2.5 psf boom. 
non- l inear  theory  p r e d i c t s  lesser maximax response than  t h e  
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r e p r e s e n t  a n  upper bound of response. 

I t  is found t h a t  a room with two 
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CHAPTER I 

INTRODUCTION 

The imnediate problem confront :yg t he  des igners  of the  Supersonic 

Transport  is the s t r u c t u r a l  damep- - awed  by t h e  sonic  booms. The 

booms c r e a t e d  by these  p lanes  w i l l  u s u a l l y  have an  overpressure of 

2.5  psf and a period of 0.4 seconds, but  during some maneuvers these  

can be a s  h igh  as 4 psf  and 0 .5  seconds r e spec t ive ly .  Severa l  

c o n t r o l l e d  and uncont ro l led  f l i g h t  tests conducted i n  the  United S t a t e s  

and Canada prove the  c a p a b i l i t y  of t he  sonic  boom in causing s t r u c t u r a l  

damage e i t h e r  due t o  a t oo  large an overpressure or t o  the  repeated 

exposure t o  boains. 

I n  t h e  f l i g h t s  over Washington, Ohio, Cedar City, Utah, and Ottawa, 

Canada t h e  son ic  boom caused by p i l o t s '  e r r o r s  sha t t e red  seve ra l  

windows. 

300,000 d o l l a r s .  f n  the  tests conducted i n  Oklahoma C i t y  one of the  

showcase windows of t he  Kinney Shoe S to re  broke. 

n a i l  popping, p a i n t  and p l a s t e r  cracking due t o  t h e  repeated appl ica-  

The damage t o  t h e  unfinished Ottawa terminal  was es t imated  as  

There were r e p o r t s  of 

t i o n  of loads by the  sonic boom. I n  the  recent  experiments by NASA a t  

t h e  Edwards A i r  Force Bare a c o n t r o l l e d  f l i g h t  aha t t e red  a g l a s s  window 

i n  the  U. S. Post: Off i ce  and c rea t ed  c racks  and broke another  window i n  

t h e  same bui ld ing .  From t h e  da ta  obtained from these  t e s t a  it i s  c l e a r  

t h a t  t he  overpresrure  a# a btatic load was not  respons ib le  f o r  the  

f a i l u r e  of glass as I t  was only 10% of t h e  wind load f o r  which it i s  

1 
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designed. The bui ld ing  enc losures  :.. Lave as Helmholtz resonators  and 

d r i v e  t h e  l l e x i b l e  members such as the window to h i g h  amplitudes,  

e s p e c i a l l y  when the  natural per iod of the window is equal t o  t he  

n a t u r a l  pe r iod  of  e x c i t a t i o n .  I t  is the re fo re  necessary t o  s tudy t h e  

response c h a r a c t e r i s t i c &  of a c o u s t i c a l  networks f o r  t r a n s i e n t  loads t o  

f i n d  t h e  mrximax response. 

wilt be  u s e f u l  In t h e  response a n a l y s i s  of bu i ld ing  s t r u c t u r e s  subjec t  

t o  o the r  t r a n s i e n t  loads such as explosions, rocket launchings, g u s t s ,  

and b l a s t  l o~ds .1  

i 

I n  a d d i t i o n  t o  sonic boom ‘loads, this s tudy  

A bui ld lng  s t r u c t u r e ,  bec8use it is composed or seve ra l  rooms, 

in te r -connec t ing  hallway$, doors and windows, is complicated t o  analyze 

mathematically.  It has t o  be reduced t o  an  equiva len t  system which 

adequate ly  r e p r e s e n t s  t he  behavior of t h e  o r i g i n a l  system. 

response of 1 dynrmicnl system deptandt; on t h e  damping r a t i o  of t h e  

The 

sys t em,  

mechanisms. From the data  obtained from the Oklahoma C i t y  t e s t s  i t  is 

known that t he  p re s su re  o s c i l l a t i o n s  are not sus t a ined  for a long t i m e .  

Even thouah t h e  damping r a t i o  does not  a f f e c t  t h e  response due t o  

t rans ien t :  loads as much as it does t he  response t o  steady s ta te ,  its 

effect 1s pronounced i n  t he  former also. 

reduce t h e  maximax respanre by as much as 25%. 

f i n d  t h e  t r a n s i e n t  response of a c o u s t i c a l  networks t h e  types of damping 

present  in them should be i d e n t i f i e d .  The response is easffy obtained 

once t h e  equivalent viscous damping ratio is known. 

Every phys ica l  system possesses  some energy d i s s i p a t i n g  

A damping r a t i o  of 4% could 

Therefore in order t o  

The taillximax response of any nystem depends on i t s  components. By 

su i tab ly  modifying them any d e s i r e d  response can be obtained. 

components o f  on &cousticaI rpystern ore t o  be changed wi th in  p r a c t i c a l  

The 
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und. Tho m~ximax of t h i s  

for a given sonic  boom t y p e  

e can be obtained. This is 

of the  acous t i ca l  networks, 

i e n t  e x c i t a t i o n  i s  much 

g r e a t e r  than the th ickness ,  dome re f ined  t h e o r i e s  

f i n d  t h e  dynamic responae. 

o be used t o  

Jn g m e r a l  t h e  main o b j e c t i v e s  of t h i s  work can be summarized as: 

1.  T o  r ep resen t  the bu i ld ing  s t r u c t u r e s  which are meehano- 

acoustical systems by equiva len t  mechanical systems which 

preserve  the  c h a r a c t e r i s t i c s  of t he  o r i g i n a l  system adequately.  

2. To i d e n t i f y  t h e  t y p e s  of damping present  in representa t ive  

bu i ld ings  and thus  t o  e s t ima te  a lower bound'for  the  n e t  

equ iva len t  viscous damping ratio, 

3 .  To f i n d  t h e  maximax response a€ multi-degree of freedom 

systems as a func t ion  of its parameters.  

To f i n d  t h e  most c r i t i c a l  multi-degree of freedom system and 4. 

u s  t o  f i n d  a worst p r a c t i c a l  a c o u s t i c a l  system. 

5 ; .  To get an upper bound f a r  t h e  stresses i n  the  glass windows 

EOP a given ~ o n i c  boom type input using 

linear theory,  and 

t h  l i n e a r  and non- 

t e d  with the  experi- 

ed a t  ds  A i r  



Severa l  au tho r s  have discusset1 i . 4  genera l  t h  damping r a t i o  of 

Helmholtz r e sona to r s ,  t h e  t r a n s i e n t  response of l i n e a r  systems, resona- 

tors and $me s p e c i f i c  non-l inear  systems. But no l i t e r a t u r e  is 

a v a i l a b l e  on the  general design of a c o u s t i c a l  sygtems sub jec t  t o  sonic 

booms. 

Ray Leigh (28) has described t he  various loss mechanisms a s soc ia t ed  

with a resonator  such as r a d i a t i o n ,  vfscous and heat  conduction, He 

concluded for  low frequency the heat  canduction losses a r e  neg l ig ib l e .  

n (30) has a n a l y t i c r l l y  fount1 the! lo s ses  due t o  the v i s c o s i t y  of 

t h e  a i r  i n  the  neck of the r ebona te r -  He Eound that t h e  viscous l o s s e s  

were t h e  main toss mechanisms f o r  ~ - - y  narrow necks. He assumed the  

f low of a i r  in t h e  neck was similar t o  t h e  flow in a pipe.  

i nves t iga t ed  t h e  nea r  f i e l d  of a resonator  exposed t o  a plane wave 

us ing  t h e  a c o u s t i c  equat ion  and concluded t h a t  t h e  damping due t o  heat  

conduction was negl i b l e ,  Mangisrotty (19) has derived expresgions 

Tngarh (12 ) 

of a panel v i b r a t i n g  in its Eunda- 

4 
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especial ly  fo r  panels very small compared t o  t h e  wave-length. 

Fitzgerald (10) has discussed the  internal  damping of ceramics and 

g lass  using the hysteresis  curves. 

damping of themwas c 

Rindone ( 2 0 )  have given experimental results for  the hysteresis damphg 

of glass  rods. The damping was given i n  terms of t h e  qual i ty  fac tor  Q. 

He concluded tha t  the  in te rna l  

arable  t o  tha t  of the metals. Marin and 

Several authors (35, 11) have studied the  t rans ien t  response of 

s imple  o sc i l l a to r s ,  There is  l i t t l e  l i terature on t h e  t ransient  

respontle of multi-degree of freedom systems, The work so f a r  done has 

been confined, due t o  mathematical d i f f i cu l ty ,  t o  par t icular  cases only. 

Hence, there  is  great  need t o  solve t h i s  problem i n  general. 

invest igators  studied the t rans ien t  response of continuous systems such 

as  beams and plates .  Crocker (7) has found ana ly t ica l ly  and experimen- 

t a l l y  t h e  t rans ien t  response of panels t o  several  forms of exci ta t ion 

Many 

pulses. He has arr ived a t  t h e  same conclusion t h a t  t h e  fundamental 

mode contribution adequately represented the  t o t a l  responee; far 

displacem&nt. 

The work on the general t rans ien t  response of a non-linear system 

limited. Fung and Barton (11) have discussed the  e f f ec t  of 

was assumed 

(35) has found t h e  shock epectra of an elasto-  
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I n  order t o  determine whether a sonic boom w i l l  cause f a i l u r e  of 

l a s s  windows t h e  f a i l u r e  mechanisms of glass  should be known. 

Kornhauser (15) has discussed t h e  impact s ens i t i v i ty  method t o  predict  

uctural  f a i l u r  e t o  e l a s t i c  a formation. Parrot 

h i s  experimen study on the  f 8 due t o  sonic 

booms has shown tha t  t h e  f a i l u r e  depended op many variables such as  

the shape, s ize ,  edge restraints, age and imperfections. It is d i f f i -  

c u l t  t o  evaluate t h e  e f f ec t s  of a l l  these Variables separately. 

fa t igue  of g lass  was experimentally studied by Baker and Preston (1). 

They concluded t h a t  t h e r e  wa8 considerable difference between metal 

fa t igue and glass fatigue.  

l i m i t  of glass  was only a l i t t l e  less than t h e  normal breaking s t r e s s .  

When the panel s i z e  and t h e  load increase, t h e  deflection is much 

The 

I n  fac t ,  according t o  them t h e  endurance 

greater  than the  thickness and the  l inear theory is no Longer val id .  

So a s t a t i c  and dynamic analysis of plates  with large def lect ions have 

t o  be made, Kaiser (14) hae discussed t h e  reduction of the non-linear 

d i f f e r e n t i a l  equations t o  a system of l inear  equations. He  solved only 

for  a par t icu lar  case of a parameter and did not discuss i n  great  d e t a i l  

t h e  cmvergence of t h e  solution. 

Kaiser and solved the  system of l inear  equations using the  relaxat ion 

and successive approximation methods. 

Wang (38) continued the work of 

Herrmann and Chu ( 5 )  have 

cedure t o  solve the Von-Karman 

e mode representation, The tesponse was  
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The l i t e r a t u r e  on t h e  t ransient  response of buildings subject t o  

concluded tha t  fo r  dimensions smaller than the wave-length, t h e  resona- 

t o r  could be assuned 

t rans ien t  response of a coupled resonator, 

t h e  pressure magnification. 

a lumped system, Reddy ( 2 9 )  analyzed the 

H& wae mainly interested i n  

For a favorable combination he obtained a 

magnification a8 high a s  20 .  

paneL coupled t o  a resonator experimentally, 

t o t a l  response cauld be represented by t h e  fundamental mode contribu- 

tion, 

were analyzed. 

Further, the damping r a t i o s  used were arb i t ra ry .  Even though the 

def lec t ion  was much greater  than t h e  thickness, linear theory was used. 

Whitehouse (39) found t h e  response of a 

H e  concluded t h a t  the 

In a l l  t h e  above work only some par t icu lar  acoustical  systems 

They do not  necesscirily represent t h e  c r i t i c a l  cases. 

fore  necessary t o  f ind the maximum upper bound for  the 

stresses t h a t  can be at ta ined by a window subject t o  a given sonic boom 



MODELING 

The i n i t i a l  t a s k  i n  t h e  analysis of a s t r u c t u r e  for static o r  

dynamic loads is to reduce it t o  a form i n  which the  des i red  results 

can be obta ined  w i t h  a reasonable  amount of a n a l y t i c a l  work. This i s  

necessary because the  phys ica l  systems are  too  complicated (such BB the  

a c o u s t i c a l  sys tem with many roomeis in te rconnec t ing  hallways and windows) 

t o  analyrse mathematically.  

response is requi red  beceuse i t  is 8 funct ion of both t i m e  and space. 

Usually t h e  mass, f l e x i b i l i t y  and energy d i s s i p a t i o n  of a phys ica l  

sys tem are d i s t r i b u t e d .  

a mathemat:ical analysis is possible. 

such a5 t o  cmpLete2y alter the c h a r a c t e r i s t i c s  of the  systemc 

model should adequately repfesent the dynamic response of the s t r u c t u r e  

The complexity inc reases  i f  the  dynamic 

C e r t a i n  r imp l i f i ca t io r t s  have t o  be made before 

The s i m p l i f i c a t i o n s  should not be 

The 

ticular load and a t  the same time the  mathematical a n a l y s i s  

should no t  be s t renuous.  Th i s  is t he  bas i c  p r i n c i p l e  involved i n  

mode 1 ittg s 

A v i b r a t i n g  panel ha8 infinit** cfegrees of freedom and i ts  equat ion 

of motion is represented by a p a r t i a l  d i f f e r e n t i a l  equation. The 

resulting response of the pane1 €or  any load is t he  sum of t he  c o n t r i -  

bu t ion  of r l l  t h e  modes. 

system t h e  c a n t r i b u t i a n  of each mode t o  the  p a r t i c u l a r  problem should 

be krkown. 

I n  order t o  r ep resen t  the panel as a d i s c r e t e  

Whitehouse (39) has shown t h a t ,  for a simply supported panel 

a 



Elemfits of the Model of a Panel 

Equivalent Mass 

For a simply supported panel which is uniformly haded and 

vibrating hormcjnically the deflection in the  fundamental mode is given 

by (571, 

where wo fa the deflection a t  the center. 

The kinetic energy of the panel is 
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ed from the potential ener 

where q i s  the 

relet ion is  l i n  w the deflection 140 8 

pressure q c 

where k i e i  the sei 

k 

On substitution of t h i  ion between ehe 

prescribed lirn 

(. 3-7) 

potent irs 1 ener 

Equ iva leng 

The i n ~ r @ ~ @ ~ ~  y i s  given by 



its fundtlmental mode 

(3-10) 

?J af the model 

y i e l d s  

% (3-11) 

Equivalent 

It is ~ $ s u m ~ d  t h  t the force in  the s l e  degree of ~ ~ e ~ ~ o ~  model 

i s  in the form of n a certain area. This 

assumption i$ v IS sonic boom pressure lo 

windows i s  c o n c ~ ~ ~ ~ ~  

def l ect im.  
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Since  the  natut on (3-14) can be 

wr i t t en  a @ ,  

st - t - * 2 x - J  - *  l6 p ( t )  * A 
*. 

n2m 

where A and m correspond to the panel. 

Cornparisen of Response of Panel and the Model 

(3-15) 

The impulse response h ( t )  of a simply supported panel is  given by 

(3-16)  

where M,, 9 the  generaliasd mass in the  rst’ mode and 

curs - the rsth natural frequency. 

For any other input the response can be found from the convolution 

i n t  egre 1 

(3-17)  

in term@ af gena ed dirrp lrcemlnt s 



raarponse in  t e n t a l  mode! is given 

be Model, 

The equation of motion of the model for a etep input is  

The solution of th i s ,  obtained using Laplace Transform is  

c t l y  the game! 8s t h a t  obtained for t h e  p l a t e .  

( 3-2 1) 

(3-22)  

(3-23) 



input y i e t d s  an id 

Hence the model exactly represents the fundamental mode response 

of the panel fort steady state  or transient loadsr The elements of the 

model are rumnarited i n  Table I 

TABLE I 

ELEMENTS OF THE PANEL AND ITS MODEL 

Element Pane f. Mode 1 

Mass in d 4  

S t  iffrreas 
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The Helmholtz Resonator 

sonic  boom t e s t s  t h a t  

s Helmholtz resonators ,  it is  

nse of mechano-aeoust i c a l  

n e r a l  t h e  sound f i e l d  of 8 

resonator  can be repreaented only by the  acous t i c  equat ion.  This is a 
& 

p a r t i a l  d i f f e r e n t i a l  equat ion similar t o  the  equation of motion of B 

cont inuous system. When the  dimensions of t h e  s t r u c t u r e  are small 

compared t o  t h e  wave length t h e  behavior of pressure  pulse  can be 

descr ibed  by a lumped parameter approach. 

compress ib i l i t y  of a i r  can be neglected.  

boom e x c i t a t i o n  t h e  wave length is of t h e  order  of 300 t o  400 f e e t ,  

most: of t he  rooms have dimensions much less than the  wave length,  The 

lumped parameter approach is v a l i d  i n  those cases.  Eesen t i a l ly ,  t he  

a i r  in the  neck bahavas a8 a maas and a i r  i n  the  c a v i t y  a s  a spr ing.  

t o r  small neck areas the  

Since i n  the  case  of sonic  

Mas8 4 
I 

The mass i n  t h e  simple model w i l l  have the  same mass 8s t h a t  of 

t he  a i r  moving bock and f o r t h  near t he  neck. To account for  an  addi-  

neck, ti c o r r e c t i o n  f a c t o r  has  t o  be added t o  

as  t h e  e t  i f  fn ass of the  
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Figure! 1. Lumped Model of 
the Panah 
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c a v i t y .  

and compression are a 

re 

Since t h e  changes take place soddenly, a d i a b a t i c  expansion 

e a d i a b a t i c  pressure-volume 

is t h e r e f o r e  giverr by,  

k l P  

where c speed 

The equat ion  of 

p A Le 'x' + 

e2 A 2  / v (3-29) 

motion of such a model *ill be 

p c2 A2 

V 
_._.I - p( t1  A (3.30) 

where c /F r e p r e s e n t s  t h e  n a t u r a l  frequency of t he  systeme 

t h e  p re s su re  charrga in s ide  the c a v i t y  is 8 l S O  maintained because 

the  change in pressure is a l i n e a r  func t ion  of t h e  change i n  volume or, 

i f  the  area is constant, change in displacement.  

U s u s l l y  i e  is necersary t o  study the case of a panel coupled t o  a 

The Helmholtz r e sona to r  because t h i e ,  r ep reeen t s  a room wZth a window. 

mathematical  model will be a two deguee of freedom system as shown i n  

Figure 3.  The e 



Figure 3. A Resonator with a Panel and Its Model 
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AI x1 0 w0 4 abtu’ 

For the  model, 

dV - A 1  XI - w0 * 4 ab/tr2 

(3-32) 

(3-33)  

The pressure in the cavity is the saw both in the system and the 

model. because the volume changes are the same. 



CHAPTER I V  

DAMPlNG MECHANISMS 3.N MECWANO-ACOLJSTICAL NETWORKS 

Every phys ica l  system possesses  some forms of damping. The 

maxtmax response of such o system depends on t he  damping r a t i o .  I n  the  

preceding chap te r  continuous systems were replaced by d i s c r e t e  systems 

b u t  without t he  knowledge of t h e  a c t u a l  damping r a t i o s  the  modeling is 

incomplete 

Losses i n  a Helmholtz Resonator 

The l o s s  mechanims i n  a Helmholtz resonator  can be c l a s s i f i e d  as 

8 .  ViSCCrUrP lOS@ea 

b, r a d i r t i o n  losses 

C .  heal: conduction losses and 

d ,  a t h s r  lossee such as mechenical’wal l  v i b r a t i o n s  and gaseous 

abeorp t ion  due t o  thermal r e l axa t ion .  

v i  scous Lossctaar 
-_I__ 

The v iscous  loss i s  due t o  t h e  f r i c t i o n  t o  t h e  a i r  flow in t h e  

similar t o  the  

r c u l a r  t he re  w i l l  be 

I n  order  t o  c 

hou Id be known. 

ry l aye r  losses the  

20 
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flow bver a plane su r face  is s tud ied& Let the  f l u i d  above the  plane 

v e r t  ica 1 area.  

t he  ve loc i ty  

layer .  (Figure 5 )  

f l u i d  between 

b2u bu 
by2 at w - + f COB cut: -- 

where f i e  the  force  pe r  u n i t  mass, 

assuming t h e  veloeit 

s o l u t i o n  is 

This  equat ion  can be solved by 

t o  be a harmonic func t ion  of time, The gene ra l  

u Cy,t)  - uo E i n  w t  - e ME y SLn (ut  -p y d  (4-2) 
2u 

where uo is equal  t o  f/w. 

 or va lues  of y >> 1, u(y,t) is very n e a r l y  equal  t o  uosinwt. 
2u 

W D  
2u 2 

Therefore  when -- >> 1 where D is t h e  diameter of the  tube consid- 

e red ,  it can be: 8asuffled t h a t  t h e  plate is bent  i n  t he  form of a tube 

wi th  l i t t l e  e r r o r .  

The express ion  for  the  v e l o c i t y  can be obta ined  by rep lac ing  y by 
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Y 

-F COS wt *dy d t  . 
Y+dY 
Y 

x 

Figure 5. Boundary layer in 8 Flat Plate 

R -Y R -Y 

1' 
Figure 6. Velocity Distribution in a Pipe Flow 



The  power w i t h  which the t w o  a d j a c e n t  l a y e r s  move r e l a t i v e  t o  each  

o t h e r  is g i v e n  by 

P = j ' 2 n p L y - d u  du 
dY 

The a v e r a g e  power aver a p e r i o d  of  vibrarion is 

t R 

( 4 - 4 )  

It can be shown (30) t h a t  f o r  t h e  f l u i d  making s i n u s o i d a l  o s c i l l a -  

tions t h e  damping f a c t o r  C is g i v e n  b y ,  

m ( 4 - 6 )  2 c - i ;  f u 

The use of t h i s  r e l a t i o n  a f t e r  i n t e g r a t i n g  (4-5) y i e l d s  

where f3 " E- 
When @ R >> 1 which is t r u e  f o r  p r a c t i c a l  cases t h i s  r e d u c e s  t o  

The c o r r e s p o n d i n g  damping r a t i o  < is g i v e n  by 

L - % p  A f  ( 4 - 9 )  

whore f = n a t u r a l  f r equency  of  t h e  r e s o n a t o r  

A area of t h e  neck. 

Had i a t  i o n  Losses 

A n o t h e r  source o f  loss n e a r  t h e  neck is due t o  t h e  e n e r g y  l o s t  b y  

r a d i a t i o n  to t h e  a tmosphe re .  This d i s s i p a t i v e  ene rgy  c a n  be found by  

a s suming  t h e  mass of a i r  i n  t h e  neck of t h e  r e s o n a t o r  t o  be a p i s t o n  
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vibrating i n  an i n f i n i t e  b a t t l e .  The a c o u s t i c  impedance of such a 

p i s t o n  is ( 2 1 ,  

P- --i 

where 11 = volume v e l o c i t y  

B = r a d i u s  of  t h e  p i s t o n  and 

k * t h e  wave number lo/c 

The resistive component o f  t h e  impedance which is r e s p o n s i b l e  f o r  

t h e  e n e r g y  loss is g i v e n  by  

( 4 - 1 1 )  

( 4 - 1 2 )  

S i n c e  k ,  t h e  wave number,  is less t h a n  1 f o r  low f r e q u e n c i e s  ( a s  

is t h e  c a s e  f o r  excitation by s o n i c  boom) k5a5 and h i g h e r  powers can 

he n e g l e c t e d .  Then,  

(4 -13)  

S i n c e  t h e  darnping f o r c e  is p r o p o r t i o n a l  t o  t h e  vc.locity t h e  

r e , s u l t l n g  damping is of t h e  viscous t y p e .  The damping f o r c e  is g i v e n  

where C d  is t h e  dampfng f a c t o r .  

T h i s  r e s u l t s  i n ,  

( 4 -  14)  

{ 4-15) 

where b , y p d  i s  t h e  r a d i a t i o n  damping re t io ,  



According t o  K a y l e i g h  ( 2 8 1 ,  t h e  h e a t  c o n d u c t i o n  lo s ses  can be 

i n (  I t i d e c i  i n  t h e  e x p r e s s i o n  f o r  v i s c o u s  losses bv u s i n g  a mod i f i ed  

c o c b f f  i c i e n t  of v i s c o s i t y .  For a i r ,  t h i s  r e s u l t s  i n  a damping r a t i o  f o r  

tioat cotitiurt i o n  losses a s  

( 4 - l h )  

'T'hv t h e o r e t i c a l  damping r a t i o  of a Helmholtz  r e s o n a t o r  i s  the re -  

f o r e  glvcbn by 

( 4 - 1 7 )  

F i g u r e  7 shows t h e  damping r a t i o  of r e s o n a t o r s  as a f u n c t i o n  of 

f r equency  f o r  d i f f e r e n t  necks .  

Expe r imen ta l  Work on rielmholtz R e s u n a t o r s  

From ( 4 - 1 7 )  and F i g u r e  7 i t  is  c l e a r  t h a t  f o r  small  necks  t h e  

v i s c o u s  a n d  h e a t  c o n d u c t i o n  l o s s e s  are  impor t an t  and f o r  wide necks  

t h c  r a d i a t i o n  losses predominate .  For  a medium s i z v  neck  b o t h  losses 

c o n t r i b u t e  a lmos t  e q u a l l y .  I n  o rde r  t o  have a l l  these t h r r e  typcis  of 

n e c k s ,  neck d i a m e t e r s  of 1 .22 ' ' ,  2.9l' and 6.5" wt're chosen.  The resoria- 

t o r  had an i n t e r n a l  d i a m e t e r  of 13411 and had a c y l i n d r i c a l  shape. I t s  

h e i g h t ,  hence  t h e  volume, c o u l d  be changed bv m o v i n g  t h c  wooden p l u g s  

which formed t h e  bot tom of t h e  r e s o n a t o r .  The  bot tom was s e a l e d  w e l l  

b y  p l a c i n g  a n  aluminum p l a t e  w i t h  O-r ing between t h e  wooden p l u g s .  The 

r e s o n a t o r  w a s  e x c i t e d  by a f e w  p u l ~ f i s  of s i n e  wave u s i n g  a t o n e  b u r s t  

g e n e r a t o r .  T h i s  was u s e d  b e c a u s e  the n a t u r a l  f r equency  and  damping 

r a t  io were c a l c u l a t e d  u s i n g  v i s u a .  , *hse rv i r t i on  and t h u s  t h e  r e p e t i t i o n  



I 2 3 4 5 6 7 R 
N E C K  R A D I U S ,  FEET 

Radiation Losses 

- VlSCOUS LOSSF5 --- RADIATION LOSSES 

I 2 3 4 5 6  7 6 9 IO I i  I2 I3 I 4  
NECK F?ADI!JS, IhJCH€S 

Comparison of Viecous and Radiation Losses 

Figure 7. Theoretical Damping Kat i o  of Kesonntors 
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o f  tlle t r a c e  was n e c e s s a r y .  The p r e s s u r e  os< i l l a t l o t i s  i n s i d e  the  

c - a v i t y  were measured by a c r y s t a l  microphone.  Thp damping r a t i o  was 

c a l c u l a t e d  u s i n g  t h e  s t a n d a r d  log decrement t e c h n i q u e .  T h e  b l o c k  

d i ag ram of i n s t r u m e n t a t i o n  is i l l u s t r a t e d  i n  F i g u r e  8. 

f ' x  e r i m e n t a l  R e s u l t s  :--- -I_ 

'fhc l o g a r i t h m i c  dec remen t s  of r e s o n a t o r s  w i th  nt-cks of d i ame te r  

1 . 2 2 "  and 2.0" a g r e e  very w e l l  w i t h  t h e  t h c h o r r t i c a l  v a l u e s  f o r  a l l  

I c n g t h s  and volumes t e s t e d  a s  i n d i c a t e d  in F i g u r e s  9 and 10. The 

s l i g h t  d i s c r e p a n c y  can  be a t t r i b u t e d  t o  t h e  l ack  of a c c u r a t e  experimen- 

t a l  t e c h n i q u e  t o  measure t h e  damping. An e r r o r  of even 10% c o u l d  be  

made i n  c o u n t i n g  t h e  number of c y c l e s .  The l / d  r a t i n  of t h e s e  n e c k s  

were g r e a t e r  t h a n  o r  n e a r l y  e q u a l  t o  u n i t y .  

The e x p e r i m e n t a l  d a t e  f a r  a 6.514 d i a m e t e r  neck d i f f e r  c o n s i d e r a b l y  

. from t h e  t h e o r e t i c a l  v a l u e s  ( F i g u r e  I t ) ,  The measured damping r a t i o s  

a r e  much less t h a n  t h e  c a l c u l a t e d  v a l u e s .  The I / d  r a t i o  of t h e  necks  

t e s t e d  were less t h a n  one.  T h i s  means t h e  i3nd < a f f e c t s  shou ld  have t o  

* be t a k e n  i n t o  accoun t  i n  t h e  c a l c u l a t i o n  of t h e  damping r a t i o .  F u r t h e r  

t h c b  d i a m c t v r  of t h e  neck w a s  comparable  t o  t h a t  of the r c s o n a t o r ,  t h c  

w h o l e  s y s t e m  behaved more l i k e  a p i p e  w i t h  a change i n  c r o s s - s e c t i o n  

t h a n  a r e s o n a t o r  w i t h  an o r i f i c e .  

'The measurtad n a t u r a l  f r e q u e n c i e s  for a l l  combina t ions  o f  neck 

areas ,  neck l e n g t h s  and c a v i t y  volumes agree v e r y  w e l l  w i t h  t h e  c a l c u -  

l a t e d  v a l u e s  a s  shown i n  F i g u r e  1 2 .  I n  g e n e r a l ,  t h e  measured 

f r e q u e n c i e s  were less  t h a n  t h e  c a l c u l a t e d  undamped f r e q u e n c i e s .  



I * 
i r  s - 

R €SON AT OR 

O S C I L L A T O R  

Figure 8. Experimental Set-Up for the Determination of 
Damping Ratios and Frequencies of Resonators 
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f ) th f* r  Obsorvat  i o n s  -- 

f t  was found t h a t  t h e  damping was n o t  l i n e a r  whtbnever t h e  i n p u t  

q i g n a l  exceeded a c e r t a i n  l i m i t .  T h i s  L i m i t  was d i f f e r e n t  f o r  d i f f e r -  

c n t  cornbinat ion of necks .  The r eason  for t h i s  is when t h e  inpu t  s i g n a l  

i s  tncrcaased t h e  v e l o c i t y  of a i r  i n  t h e  neck i s  i n c r e a s e d  p roduc ing  

t u r b u l c n c e  and j e t  e f f e c t s  (33). The n e t  r e s u l t  is a n  i n c r c a s e  i n  the  

V I S C O U S  damping r a t i o  and hence t h e  t o t a l  damping r a t i o .  The r eason  

c o u l d  bti e i t h e r  t h a t  t h e r e  is a c r i t i c a l  v e l o c i t y  or a c r i t i c a l  

Reynold's number above which t h e  damping becomes n o n - l i n e a r .  

From t h e  r e s p o n s e  of t h e  r e s o n a t o r  f o r  t h o  p u l s e ,  t h e  f o r c e  a t  t h e  

neck c a n  be found. The maximum v e l o c i t y  of a i r  i n  t h e  neck is F/mw 

w h e r e ,  

F = Force  

m 5 Mass of air i n  t h e  neck 

u) = N a t u r a l  f r equency  In r p s  

A c a r e f u l  expe r imen t  was magi' one combina t ion  of neck area ,  

I cnRth ,  a n d  c a v i t y  volume and the cBirtput s i g n a l  above which t h e  damping 

became n o n - l i n e a r  was measured ir, +-rms of v o l t a g e .  Assuming t h i s  

v a l u e  fs t h e o r e t i c a l l y  c o r r e c t ,  t h e  c r i t i c a l  v o l t a g t ,  f o r  a l l  t h e  o t h e r  

c o m b i n a t i o n s  oE n e c k s  and  c a v i t i e s  were c a l c u l a t e d  assuming ( a )  a 

c o n s t a n t  c r i t i c a l  R e y n o l d ' s  number and ( b )  a c o n s t a n t  c r i t i c a l  v e l o c -  

i t y .  The r e s u l t s  are a s  shown i n  F i g u r e s  13 and 14. Even though t h e  

r e s u l t s  are  n o t  h i g h l y  c o n c l u s i v e  it can be s a i d  t h a t  t h e  n o n - l i n e a r i t y  

i n  t h e  damping i s  due t o  t h e  f a c t  t h a t  t h e  v e l o c i t y  of t h e  a i r  i n  t h e  

neck e x c e e d i n g  a c e t t a i n  c r i t  i c e 1  v e l o c i t y  r a t h e r  t h a n  t h e  R e y n o l d ' s  

number e x c e e d i n g  e c r i t i c a l  v a l u e .  Hence i t  is  possible t o  f i n d  t h e  

damping r a t i o  €or a larger  p r e s s u r t .  i n p u t  by u s i n g  a n o n - l i n e a r  damping 
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rat i t ]  w h i r h  i s  a f u n c t i o n  of ttgc vt*trrci ty  01 the a i r  i n  t i i t s  neck.  

'net * 5 i i n  ' n . 1 .  ( 4 - 1 8 )  

' r h r  c o n s t a n t  of p r o p o r t i o n a l i t y  and t h e  index n can be found by a 

f (aw accurate* ~ x p e r i m e n t a 1  r e s u l t s .  R u t  thvst. v a l u e s  mav d i f f e r  c o n s i d -  

v r a b l y  from r e s o n a t o r  t u  r c s o n a t o r ,  

WhcBn t h e  n a t u r a l  f r equency  of t h e  r e s o n a t o r  w a s  about 130 c p s  a 

p ~ c i i l  t a r  phenomena was o b s e r v e d .  The t r a c e  i n  t h e  o s c i l l o s c o p e  c l e a r l y  

i n d i c a t e d  pronounced b e a t i n g .  This b e a t i n g  w a s  not  due t o  t h e  noise 

Icave1 i n  t h e  room which is c o n c e n t r a t e d  a round  120 c p s ,  because  when 

t h e  e x p e r i m e n t  was conduc ted  o u t s i d e  t h e  room which had t h e  same n o i s e  

l e v e l ,  no b e a t s  were obse rved .  F u r t h e r ,  i n  t h e  same room t h c  b e a t s  

were found t o  depend upon t h e  p o s i t i o n  of t h e  r e s o n a t o r  b e i n g  predomi- 

. n a t e  a t  q u a r t e r  p o i n t s  a n d  a l m o s t  a b s e n t  a t  t h e  c e n t e r  of t h e  room. 

T h i s  i n d i c a t e s  t h a t  t h e  s t a n d i n g  waves i n  t h o  room might have caused  

t h o s e  b e a t s .  The f r equency  of t h e  202 modo f a r  t h e  room w a s  136 c p s .  

' S i n c e  thcb room was n e a r l y  s q u a r e  ( 1 6 ' x 1 5 ' ~ 9 ' )  i t  is q u i t e  l i k e l y  t h a t  

s e v e r a l  modes have t h e  f r e q u e n c y  n e a r  130 c p s  and t h e  room r e s p o n d s  

strongly t a  t h e  impressed sounds which a r e  i n  t h e  immediate v i c i n i t y  

of 130 c p s .  The c o n t i n u o u s  v o r t e x  shedd ing  which c a u s e s  t h e  n a t u r a l  

modes t o  b r e a k  c a n n o t  be a t t r i b u t e d  t o  t h e  bcxets because  no p i p e - t o n e  

was a u d i b l e  ( 3 3 ) .  The expe r imen t  ha5  t h e r e f o r e  t o  be conduc ted  i n  a 

room w i t h  a d i f f e r e n t  s i z e  or  i n  a n  a n e c h o i c  chamber t o  d e t e r m i n e  

whe the r  t h e  s t a n d i n g  waves a r e  r e a l l y  t h e  cause of t h e  b e a t s .  



3 7  

Damping Mec han i sms i n  t tie Pane I 

T h e  l o s s c ~ s  i n  the panel are due to 

1 .  acoustic radiation damping 

2 .  s t  ructura 1 damping 

3 .  other l o s s e s  such as joint friction dampfng arid support  

damp i ng . 
Acoustic Radiation Damping 

The acoustic damping results from the reaction forces of the  

surrounding f l u i d  on the  radiRtfng surfeces of a structure as energy is 

transferred from the radiator into the fluid. (19) 

From ( 4 - 1 3 )  the resistive component of the acoustic impedance of a 

vibrating piston i n  an infinite b a f f l e  is 

For a uniform damping pressure, 
b a  

(4-20) 

(4-21) 

T h t .  v e l o c i t y  can b<b expressed i n  terms of  t h e  gc .ncra l i zcd  coordinate q 

a b  
P”- pock“ I’ 4 Q ( x , y )  dx dy 

2“ JoJo (4-22) 

whcdre 4 1s the pene l  mode funct lon. 

l’h damping force can be o b t a i n e d  k-; integrating ovcr the area of the 

panel which results In a damping : d ~ L o r  

( 4 - 2 3 )  



l h t *  c o r r e s p o n d i n g  damping rat  i o  is, 

wtlcrc.  rri I s  t h e  mass of t h e  pariel p e r  u n i t  a r e a .  

Once t h e  modal f u n c t i o n  is known t h e  contribution of t h e  v a r i o u s  

inodes t o  t h e  damping r a t i o  c a n  be o b t a i n e d  from ( 4 - 2 4 ) .  For  a s imply  

s u p p o r t e d  p a n e l  v i b r a t i n g  i n  i t s  fundamental  mode C is g i w n  by, 

w h v r t :  po = d e n s i t y  (mess/vnlurne) of s u r r o u n d i n g  f l u i d  and 

pm = d e n s i t y  (mass/volume) of t h e  pane l  m a t e r i a l .  

F o r  g l a s s  p a n e l s  v i b r a t i n g  i n  s i r  t h i s  reduct.s to 

1 
0*004618 (N + ) i 4-26)  

where N is the p a n e l  a s p e c t  r a t i o .  

T h i s  t h e o r y  p r e d i c t s  that  f o r  a g i v e n  pane l  t h e  damping r a t i o  i s  a 

f u n t t i o n  o n l y  of t h e  d e n s i t y  of t h e  pane l  and of t h e  s u r r o u n d i n g  medium 

and no t  o f  t h e  t h i c k n e s s .  The damping r a t i o  of- glass p a n e l s  f o r  

VarJous a/b  r a t i o s  is p l o t t e d  i n  F i g u r e  15,  The s q u a r e  pant 1 h a s  t h e  

t e a s t d e m  p i ng . 

S t r u c t u r a l  - Dampin& 

T h e  b e h a v i o r  of elastic b o d i e s  s u b j e c t e d  t o  stress is generally 

assumed t o  be i d e a l .  The d e f l e c t i o n  of t h e  p a n e l  i s  p r o p o r t i o n a l  t o  
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PANEL IN INFINITE BAFFLE 
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N =  a / h  

Figure 15 .  Acoust ic  Kadiation Damping Uatfo of Glass Panels  
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t 1 1 1 1  a p p l  i c d  l oad  and when t h e  load is removt-d the  p a w l  r e t u r n s  t o  its 

o r i g l n a l  p o s f t i o n .  R u t  i n  p r a c t i c a l  s i t u a t i o n s  t h i s  is  n o t  t r u e  

tW<alJ5e of  t h e  i n t e r n e t  f r i c t l o n  of t h e  m a t e r i a l .  I f  t h e  mater ia l  i s  

loadg*ci over a c y r  l e ,  t h e  r e s u l t i n g  load-def  I e c t  ion diagram wi 1 t bcs a s  

~ l l r w r i  i n  F i g u r e  16 i n s t e a d  of t h e  l i n e a r  r e l a t i o n  for a n  ideal cas;. 

' I ' t u ,  acc'a of t h e  h y s t e r e s i s  l o o p  r e p r e s e n t s  

t i o n  o r  e n e r g y  d i s s i p a t e d  o v e r  a c y c l e  of 

body this  r e p r e s e n t s  t h e  e n e r g y  d i s s i p a t e d  

h y s t e r e s i s  loop depends on t h e  load ing  and 

t h c  d i s s i p a t e d  e n e r g y  c a n  be w r i t t e n  as  

D - k a n  

whvre k = c o n s t a n t  of p r o p o r t i o n a l i t y  

u t h e  stress. 

t hf  amount of i n t e r n a l  f r i c -  

oad ng. For a v i b r a t i n g  

p e r  c y c l e .  The shape of t h e  

the m a t e r i a l .  I n  g e n e r a l  

( 4 - 2 7 )  

Only f o r  t h e  c a s e  of n - 2 ,  i s  t h e  damping l i n e a r  and t h e  r e sponse  

. cbquations a r e  t h e r e f o r e  l i n e a r .  For other v a l u e s  of  n ,  t o  r educe  t h e  

n o n - L i n r a r  e q u a t i o n s  t o  l i n e a r  eqttrlt. i o n s ,  a n  e q u i v a l e n t  v i s c o u s  damping 

r a t i o  h a s  t o  be found k e e p i n g  t h r  diirltpin8 e n e r g i e s  t h e  same. 

I t  is r a t h e r  d i f f i c u l t  t o  r n p ~ s ~ ~ r e  t h e  m a t e r i a l  damping of  p l a t e  

g l a s s .  O r l o s k i  (24) measured t h e  decay r a t e  of  a v i b r a t i n g  Pyrex rod  

and a r r i v e d  a t  a m a t e r i a l  damping ratio of 0.026. T h i s  can  bc t a k e n  

a s  t h e  r e p r e s e n t a t i v e  f i g u r e  f o r  t h e  p l a t e  g l a s s  as t h e  damping 

mechanism is t h e  same i n  b o t h  t h e  c a s e s .  

Systvm 1)amping 

T h i s  involves t h e  e n e r g y  d i s s i p a t e d  i n  v a r i o u s  t y p e s  o f  j o i n t s ,  

i r i t ( i r f a c e s  or fasteners .  The complex i ty  o f  t h e s e  i n c r e a s e s  due t o  t h e  

f a c t  t h a t  t h e  o p e r a t i n g  mechanism is  coulomb f r i c t i o n .  T h e r e f o r e  f o r  
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t h v  damping r a t i o  of p l a t e  g l a s s  p a n e l s  i t  is n e c e s s a r y  t o  r e l y  on t h e  

P x p e r  i menta 1 va lue 9. 

O r l o s k i  (24) measured t h e  darnp1r.g r a t i o 5  of s e v e r a l  p l a t c  g l a s s  

windows i n  the  downtown s t o r e s  o f  “ t i l l w a t c r .  T h e  panel  w a s  e x c i t e d  

iiiariual l y  and t h e  o w  f 1 l a t i o n s  wt ’ r r  ,~ickt.d u p  b s  a sivisit i v c  microphone 

a n d  r r c o r d c d  using a p e n - r e c o r d e r .  The damping r a t  i o  was o b t a i n e d  

u s i n g  t h e  l o g a r t t h m i c  dec remen t .  He o b t a i n e d  a range of v a l u e s  from 

0.01-0.05 f o r  the damping r a t i o .  T h c  c o n t r i b u t i o n  t o  the damping by  

r a d i a t i o n  damping is only a f r a c t i o n  o f  t h e  t o t a l  damping. The main 

damping mechanisms are t h e  s t r u c  t u r a l  a n d  j o i n t  f r i c t i o n  damping. 

A r e p r e s e n t a t i v e  figure of 0.03 cat; be t a k e n  f o r  ti it  r e g u l a r  s i z e  p l a t e  

glass windows. 

Knowing t h e  damping r a t i o s  a t  t h e  neck and  i n  t h e  pariel t h e  

a c o u s t i c  sys t em is  c o m p l e t e l y  r e p r e s e n t c d  by i t s  mathematical  a n a l o g  
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ThtB transient response of such mathcmat i c a l  mode t s  is studied i n  the 

f (-I 1 towing c h a p t e r s .  



SP(M5E OP MU1,Tl -DECREE OF SP(M5E OP MU1,Tl -DECREE OF EDOM 

The methods o u t l i n e d  i n  C h a p t e r  111 on "Modeling" can be used t o  

r educe  any c o m p l i c a t e d  p h y s i c a l  s y s t e m  t o  a n  a p p r o p r i a t e  d i s c r e t e  

s y s t e m  depend ing  on t h e  n a t u r e  o f  t h e  problem. The d i scre te  s y s t e m  i s  

r e p r e s e n t e d  by a number of  second o r d e r  o r d i n a r y  s i m u l t a n e o u s  d i f f e r -  

e n t i a l  e q u a t i o n s  u s u a l l y  e q u a l  t o  t h e  number of d e g r e e s  of freedom. 

The r e s p o n s e  of t h e  p h y s i c a l  systems c a n  be p r e d i c t e d  from t h e  r e s u l t s  

of t h e  r e s p o n s e  a n a l y s i s  of  s i n g l e  and m u l t i - d e g r e e  of frcedom systems. 

Undamped cases a re  i n i t i a l l y  s t u d i e d  so a s  n o t  t o  lose t h e  impor- 

,.... t a n c e  of v a r i o u s  p a r a m e t e r s  i n  t h e  t o t a l  r e s p o n s e .  I t  is wel l  known 

t h a t  for a s i n g l e  d e g r e e  of  freedom sys t em f o r  a s t e a d y  s i n u s o i d a l  l oad  

t h e  a m p l i t u d e  a p p r o a c h e s  i n f i n i t y  when t h e  f r equency  of e x c i t a t i o n  

, rquals t h e  n a t u r a l  f r e q u e n c y .  But  i t  c a n  be  shown t h a t  t h e  maximax 

r c s p o n s e  f o r  a c y c l e  of s i n e  p u l s e  is E i n i t e  and is e q u a l  t o  E .  I n  

{-act  t h i s  maximax r e s p o n s e  i s  B f u n c t i o n  of t h e  number of c y c l e s  of 

l o a d i n g  and a p p r o a c h e s  i n f i n i t y  for t h e  s t e a d y  s i n u s o i d a l  l oad .  But 

f o r  a s o n i c  boom t y p e  of l o a d i n g  o n l y  o n e  c y c l e  o f  s i n e  p u l s e  need be 

17) a t  S 

d e q u a l  t o  2.lh. (31 

han t h e  s i n e  p u l s e  of t h e  same 

maximum amp 1 it ude 

4 3  



Some a c o u s t i c a l  sys t ems  c a n  be r e p r e s c n t e d  a s  s i n g l e  d r g r w  of 

f reedom sys t ems .  I n  a l l  t h e s e  cases t h e  maximax r e sponse  n e v e r  exceeds  

2.16 f o r  s o n i c  boom i n p u t .  I n  f a c t  t h e  r e s p o n s e  w i l l  be l e s s  because  

o f  t h e  i n h e r e n t  damping i n  t h e  system as  i n d i c a t e d  i n  Chap te r  I V .  

Most o f  t h e  a c o u s t i c a l  networks a r e  n o t  t h a t  s imple .  Even a room 

w i t h  a window and open door  c o n s t i t u t e s  a two degrc.e of  freedom system. 

The h a l l w a y s  and v a r i o u s  rooms i n  a s t r u c t u r e  g i v e  r i s e  t o  a d d i t i o n a l  

dcgrtBes of freedom. 

T r a n s i e n t  Response of a Two Degree of Freedom System 

I n  t h e  case of a s i n g l e  deg ree  of freedom s y s t e m  i t  is r a t h e r  

s i m p l e  t o  e x p r e s s  t h e  meximax r e s p o n s e  a s  t h e r e  i s  only one v a r i a b l e ,  

t h e  d i s p l a c e m e n t ,  once  t h e  system n a t u r a l  f r e q u e n c y  i s  f i x e d .  But w i t h  

two d e g r e e s  of f reedom t h e  method is n o t  as s i m p l e  s i n c e  t h e  number o f  

f a c t o r s  i n v o l v e d  is g r e a t e r ,  such as  t h e  uncoup led  f r e q u e n c i e s ,  

c o u p l e d  f r e q u e n c i e s  and c o u p l i n g  f r equency .  A g e n e r a l  a n a l y s i s  is 

t h e r e f o r e  not p o s s i b l e .  The r e sponse  can be found o n l y  f o r  some p a r -  

t i c u l a r  c a s e s .  F u r t h e r  t h e  r e s p o n s e  e n a t y s i s  h a s  t o  bc c a r r i e d  o u t  f o r  

d i f f e r e n t  l o a d i n g  c o n d i t i o n s  b e c a u s e  t h e  masses c a n  be loaded a c c o r d -  

i n g  t o  t h e  mode s h a p e s  or a combina t ion  of  them. 

S e m i d e f i n i t e  System 

F i g u r e  18 r e p r e s e n t s  a two d e g r e e  of freedom s e m i - d e f i n i t e  

s y s t e m .  A room w i t h  two o p p o s i t e  d o o r s  open c o r r e s p o n d s  t o  t h i s  sys-  

t e m .  The f i r s t  mode gives  z e r o  change i n  volume and hence z e r o  

p r e s s u r e  m a g n i f l c a t i o n ,  I t  c a n  be  shown t h a t  for  e q u a l  and o p p o s i t e  

s i n u s o i d a l  p u l s e s  on t h e  masses t h e  maximax r e s p o n s e  i s  always less 
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Figure  1 7 .  A Sonic Boom Signature 

Figure 18. A Two Degree of Freedom 
Semi-Definite System 



t h a n  - and a p p r o a c h e s  i t  when t he  mass ratio is  very  large. 

A two d e g r e e  of freedom c a n t i l e v e r  system is shown i n  F i g u r e  19. 

Thci ( I q u a t i o n s  of motion of t h e  above system c a n  be s o l v e d  u s i n g  t h c  

I . e p l e c c  t r a n s f o r m .  The s o l u t i o n  i n  t h e  complex js p l a n e  f o r  f o r c e s  

F l ( r )  and F ( t )  on t h e  masses is g i v e n  b y ,  2 

( 5 - 2 )  L 

whcbre F Is) and F 2 ( s )  - the  c o r r e s p o n d i n g  t r a n s f o r m s  
1 

p1  and p2 - uncoupled n a t u r a l  f r r q u e n c i e s  

P-y and P, = c o u p l e d  n a t u r a l  f r e q u e n c i e s  and 

= coup1 ing  f r equency  p2 1 

Once F 1 ( s )  and F 2 ( s )  a re  knon i  the e x p r e s s i o n s  f o r  X l ( s )  and X2(s )  

c a n  be r educed  t o  p a r t i a l  f r a c t i o n <  and r e t r a n s f o r m e d  t o  g i v e  a c l o s e d  

form s o l u t i o n .  The  response a t  art:' va lue  of time is o b t a i n e d  u s i n g  

t h v  compute r .  T a b l e  TI g i v e s  t h e  maximax r e s p o n s e  of a two d e g r e e  of 

f reedom c a n t i l e v e r  sys t em w i t h  i d e n t i c a l  masses and s p r i n g s  f o r  a n  

i m p t i l s e  and a s t e p  i n p u t .  X X 1  8nd X X 2  are t h e  non-d imens iona l i zed  

r e s p o n s e s ,  t h a t  is 

X X I  Xl/X, ,  and 

xx2 - Xz/Xst 
( 5 - 3 )  

(5-4) 
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Figure 19. A TWO Degree of Freetfc>m Cantilever 
System 

TABLE i r  

MAXTMAX RESPONSE OF A TWO D E G R E E  OF FREEDOM 
SYSTEM FOR IMi’IJLSE AND STEf’ INPUT 

I.oads Ac < o r d -  Pulse Shape xx 1 
ing t n  

xx 2 

First mode Impu 1 se 2 2r, 

Se(-ond mode Impu 1 se 0.95 

First mode Step input 3.95 

Second mode Step input 1.62 

1.54 

0.50 

3.06 

0.97 

The maximax response for a sinusoidal pulse a s  analyzed by t h e  

Laplace trensformation method is not included in Table 11. The reason 

f o r  this is the sinusoidal pulse has a frequency term associated with 

it. When the forcing function frequency equals one of the two natural  



f r e q u e n c i e s  of  t h e  system b o t h  t h e  numerator  and denominator o f  t h e  

e x p r e s s i o n  f o r  maximax r e s p o n s e  go t o  z e r o .  Even though t h e  s o l u t i o n  

o b t a i n c t l  by L a p l a c e  t r a n s f o r m a t i o n  is i n  c l o s e d  form, t o  e v a l u a t e  t h e  

v x p r c s 9 i o n ,  i n c r e m e n t s  of t i m e  have t o  be t aken  and t h u s  t h e  usc  of  a 

r ontputer is n e c e s s a r y .  Due t o  t h e  round ing  o f f  e r r o r s  i n  the ne ighbor -  

h o o d  o f  t h e  critical f r e q u e n c y ,  maximax r e s p o n s e  as  h i g h  a s  100 were 

o b t a i n e d  which was d e f i n i t e l y  i n c o r r e c t .  The l i m i t  of t h e  e x p r e s s i o n  

fo r  t h e  maximax r e s p o n s e  when t h e  e x c i t a t i o n  f r equency  and t h e  n a t u r a l  

f r e q u e n c y  are  t h e  same is found by u s i n g  L ' H o s p i t a l ' s  r u l e .  The 

rc'sponse f o r  s i n u s o i d a l  l o a d s  can be found from ( 5 - 1 )  by s u b s t i t u t i n g  

t h e  c o r r e s p o n d i n g  v a l u e s  €or F I ( s )  and F 2 ( s ) .  

' where T * t h e  p e r i o d  of  t h e  p u l s e  

* ( I  t F 2 / F l ) )  { ( I  t F2/Fl)p2 2 - p- .i 

From t h e  r e s u l t s  on t h e  two d e g r e e  of freedom s y s t e m  f o r  r e c t a n g u -  

l a r  p u l s e  t h e  maximum o c c u r s  a t  t h e  end of t h e  f o r c e d  era o r  i n  t h e  
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t rc*q i i c ’ t i c  y e q u a l s  on<’ of the two n a t u r a l  f rcqucnr  t es ,  say p- .  lfilder th is  

( c m r l i t i o n  t h e  r e sponse  can be written a s  

( 5 - 7 )  

bcbceuse t h e  c o n t r i b u t i o n  by  t h e  f i r s t  term i n  ( 5 - 6 )  is zero. The con-  

t r i b u t i o n  b y  t h e  t h i r d  term is found by s u b s t i t u t i n g  t h e  value f o r  t h e  

c o n s t a n t  C and l e t t i n g  (11 = p- .  This r e su l t s  i n ,  

T h e  c o n t r i b u t i o n  t o  t h e  r e s p o n s e  by t h e  second term i s  v e r y  s m a l l  

(nmpared t o  ( 5 - 9 )  and  hence c a n  be i gnored .  S i m i l a r l y ,  i f  t h e  e x c i t a -  

t i n n  f r e q u e n c y  (u e q u a l s  p+ t h e  maximax r e sponse  w i l l  be 

T a b l e  IIT g i v e s  t h e  maximax response of a two degree  o f  freedom 

cant  f l e v e r  s y s t e m  w i t h  i d e n t  i ca  1 springs and  masses f o r  s i n u s o i d a l  

p u l s e .  

The above method of taking t h e  l i m i t  as  t h e  e x c i t a t i o n  frt-quency 

e q u a l s  one of t h e  n a t u r a l  f r e q u e n c i e s  g i v e s  only t h e  rnaximax r e s p o n s e .  

T o  get t h e  r e s p o n s e  a s  a f u n c t i o n  of t ime  t h e  two d i f f e r e n t i a l  equa- 

t i o n s  o t  mot ion  vere i n t e g r a t e d  n u m e r i c a l l y  u s i n g  Runge-Kutta-Adams- 

Mnulton method. The r e s p o n s e  c u r v e s  for t h e  two d i f f e r e n t  l o a d i n g  



c a s e s  a r e  p l o t t e d  i n  F i g u r e s  20 and 21. It Is s e e n  t h a t  the maximax 

r e s p o n s e  o b t a i n e d  u s i n g  L t H o s p i t a l ' s  r u l e  a g r e e s  very  well w i t h  the 

va lues  c a l c u l a t e d  u s i n g  numer i ca l  i n t e g r a t i o n .  

M A X I M A X  RESPONSE OF A TWO DEGREE OF FREEDOM 
SYSTEM FOR SINUSOIDAL PULSE 

-_ 
Theoret i c a  1 Max imax T h e o r t t  i c a  1 Maximax 

x x  1 xx 2 -* I. ' ,  F* 

. W ' P -  w - Pi UJ = P, w - P+ 
-+-- 

1 1 6.05 0 . 3 1  4.80 0 .  t o  

I - 1  1.59 1.40 1.20 0.45 

I 0 3 . 5 4  0.87 1.84 0.27 

0 1 3.67 0.52 2.84 0.70 
- --- 

From t h e s r  r e s u l t s  i t  i s  r l c a r  t h a t  t h c  maximax r e s p o n s e  o f  a t w o  

tic*p,rc%e o f  freedom system is e s s e n t i a l l y  a f u n c t i o n  of t h e  d i f f e r e n c e  i n  

t tic natural  f r e q u e n c i e s  of t h e  system. The maximax approaches  i n f i n i t y  

a s  p ,  a p p r o a c h e s  p - .  S i n c e  i n  no p h y s i c a l  s y s t e m  can t h i s  happen t h e  

iriaxiniax t rans lent  r e sponse  of a t w o  d e g r e e  o t  frecdom s v s t e m  i s  

hounded. T h i s  a g a i n  can  be  e x p e c t e d  because  t h e  t r a n s i e n t  r e s p o n s e  of  

a s l n g l e  d e g r e e  of freedom s y s t e m  is bounded. I t  c an  also be s e e n  t h a t  

t h e  r e s p o n s e  i s  most s e v e r e  when t h e  l o a d s  a r e  a c t i n g  a c c o r d i n g  t o  the  

f i r s t  mode c o n f i g u r a t i o n .  T h i s  is t r u e  € o r  a l l  p u l s e  shapes .  
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A two degree of freedom symmetrical system in shown in Figure 22. 

IJsing identically the same method outlined in the previous section 

t t t 6 1  exprcssion for the maximax response for sinusoidal pulse i s  found 

k2 -t k3 -t k2 k 3 / k ,  
" 1 1  - 

k2 * k3 

Thca maximax response €or a system with identical m a s s e s  and springs 

will be 5.14 when the loads are acting according to the first mode 

configuration which agrees with the value calculated using numerical 

integration. The response is less than that of a t w o  degree of freedom 

cantilever system. 

Three Degree of Freedom System 

A s  menttoned carlier the complexity of analysis increascs consid- 

o r a b l y  with thc number of degrees o f  freedom because of the many 

variables involved. A n  identical technique is used to find the maximax 

response €or sinusoidal pulse. 

The maximax response for sinusoidal pulse is given b v ,  

{ 5-12) 

where F1, F2, F3 "maximum amplitudc of the loads 



Figure 22 .  A Two Degree of Freedom 
Symmetrical System 

Figure 2 3 .  A Three Degree of Freedom Cantilever System 



"2 
F2 F 3  

FI F l  
- p22 p32 ( 1  t - -t -) 

p31 .I c o u p l t n g  f r e q u e n c i e s  

A s  i n  t h e  t w o  d e g r e e  of Freedom system i t  i s  found t h a t  t h e  

t r a n s i e n t  maximax r e sponse  o f  a three d e g r e e  of freedom s y s t e m  i s  

l i m i t e d  o n l y  by  t h e  d i f f e r e n c e s  of  t h e  s q u a r e s  of  t h e  n a t u r a l  f r equen-  

c i e s  t a k e n  two a t  a time. S i n c e  i n  g e n e r a l  t h e  t h r e e  n a t u r a l  Erequen- 

r i p s  are  d i f f e r e n t  t h e  maximax r e s p o n s e  is l i m i t e d .  F i g u r e s  24 and 2 5  

g ive  t h e  r e s p o n s e  c u t v e s  for two d i f f e r e n t  l o a d i n g  c o n d i t i o n s ,  The 

v a l u e s  of maximax r e s p o n s e  8.85 and 2.34 a g r e e  wel l  w i t h  t h e  v a l u e s  

c a l c u l a t e d  u s i n g  L ' H o s p i t a l ' s  r u l e .  Once a g a i n  t h e  r e s p o n s e  i s  mast 

s e v c r e  when t h e  l o a d s  a re  a c t i n g  a f c - r d i n g  t o  t h e  f i r s t  mode c o n f i g u r a -  

t f a n .  

l n f l n i t c  Degrees  of  Freedom System 

A s  seen b e f o r e ,  the complex i ty  of t h e  problem i n c r e a s r s  w i t h  t h e  

number of d e g r e e s  of freedom. Aut when t h e  number of masses is r e a l l y  

l a r g e ,  the s y s t e m  c a n  be c o n s i d e r e d  t o  be a n  i n f i n i t e  d e g r e e  of freedom 

system. The s y s t e m  t h e r e f o r e  a p p r o a c h e s  t h e  l o n g i t u d i n a l  v i b r a t i o n s  of 

a rod which c a n  be r e p r e s e n t e d  b y  a s i n g l e  l i n e a r  p a r t i a l  d i f f e r e n t i a l  

<>quat i o n .  

The e q u a t i o n  of motion f o r  t h c  l o n g i t u d i n a l  v i b r a t i o n s  of a rod  i s  



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I 
i 
1 
I 
I 
i 
I 
I 
1 
I 
I 
I 

31 
01 

1 
I 
I 
I 
t 
I 
I 
I 
I 

.:8 w LL y (  

u 
U 

- - ' rl 
l 



57 

i 



58 

.I._.. 

Figure  26. I n f i n i t e  Degree of Freedom System 

where )r = mass d e n s i t y  of t h e  material of t h e  ba r .  

(5-23) 

The n a t u r a l  f r equenc ie s  can be obta ined  by l e t t i n g  f ( x , t )  - 0 and 

so lv ing  t h e  corresponding l i n e a r  equat ion.  For a bar  of length  L 

b u i l t - i n  a t  one end and f ree  a t  t h e  o t h e r ,  t h e  n a t u r a l  f r equenc ie s  are 

g iven  by, 

where o( = n c v n  wn - - 
2 L  

The s o l u t i o n  t o  t h e  equat ion  of motion can be w r i t t e n  as  (361 ,  

(5-14) 

( 5 - 1 5 )  

where q,,, - t h e  g e n e r a l i z e d  co-ord ina te .  

The expres s ion  for 4, can  be ob ta ined  us ing  t h e  p r i n c i p l e  of v i r t u a l  

work. 

(5-16) 

where F ( T )  is t h e  f o r c i n g  func t ion  a p p l i e d  a t  t h e  f ree  end. 
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Response for a Step Input at x m L 

For a step input 

F ( T )  0 F, for t > 0 (5-17) 

The solution for u(x,t) is obtained by substituting ( 5 - 1 7 )  in 

(5-16) and performing the indicatkd integration. 

The maximum displacement occurs at x = L. 

When t 212, 

u(L,tImax - 0 16F L c 
A E T T ~  AE 

The maximax response 

same as for a single 

for a step input 

Sinusoidal Load at x 

(5-20) 

is therefore 2.0 which is t h e  

degree of freedom system. 

- L  

The non-dimensional maximax response at x = 

load can be found similarly. The expression for 

The response for a cycle of sinusoidal pulse can 

principle of superposition as, 

L for a sinusoidal 

the response is, 

be obtained by t h e  
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T h i s  reduces t o  t h e  form given  i n  (5 -23)  because JJ? 9 2n. 

The maximum of (5 -23)  w i l l  occur  when each of t h e  terms i n  t h e  series 

is a maximum. I t  is ev iden t  t h a t  a l l  t h e  terms cannot  s a t i s f y  t h i s  

c o n d i t i o n  because i n  no p h y s i c a l  s y s t e m  can a l i  t h e  n a t u r a l  f r equenc ie s  

be t h e  same. The upper bound of response can be found by assuming that  

a l l  t h e  n a t u r a l  f r equenc ie s  have t h e  same value .  The response f o r  t h i s  

h y p o t h e t i c a l  case is 

U,,(L,t)  = n  ( 5 - 2 4 )  

There fo re  t h e  response of  a n  i n f i n i t e  degree  of freedom system fox 

a c y c l e  of s i n u s o i d a l  p u l s e  a t  t h e  free end can  never  exceed TT which is 

a l s o  t h e  maximax f o r  a s i n g l e  degree  of freedom system. 

The above a n a l y s i s  wee c a r r i e d  out  f o r  a load a t  t h e  f r e e  end only. 

T f  t h e r e  a re  a d d i t i o n a l  load p o i n t s  which are not  t o o  c l o s e  t o  t h e  

f i x e d  end t h e  maximax can  be found by us ing  the  inf luence  c o e f f i c i e n t s .  

The response  f o r  a number of load p o i n t s  is ,  

1 u m n  E+EL+IE+--- n n 

where n is  the number of  degrees  of  freedom. 

(5 -25)  

For example, t h e  maximax response f o r  a simultaneous s i n u s o i d a l  pu l se  

a t  t h e  f r e e  end and a t  x m L/2 will be 3nf2. 
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Single Degree of Freedom Non-Linear System 

In the previous analysis the springs were assumed to be perfectly 

elastic and the response was obtained analytically and numerically. 

Tn actual systems the springs may exhibit a non-linear hard spring type 

load - deflection relationship. The equation of motion of a single 

degree of freedom hard spring system is 

( 5 -26) 2 
x f u+, x +- cx3 .. 

F(t) 

where e is  the non-linearity coefficient. 

This equation was solved for an N-wave for zero initial conditions. 

Figure 27 shows the maximax response for different values of e .  

It is seen that the maximex response reduces with increase in the  

non-linearity coefficient. 
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CHAPTER VI 

RESPONSE OF MECHANO-ACOUSTICAL NETWORKS 

TO TRANSIENT EXCITATION 

I n  C h a p t e r  V, t h e  t r a n s i e n t  r e s p o n s e  of s e v e r a l  mechanical  systems 

were d i s c u s s e d .  I n  t h i s  c h a p t e r  t h e  r e s p o n s e  of a c o u s t i c a l  networks 

r e p r e s e n t e d  by t h o s e  models w i l l  be  s t u d i e d .  Damping w i l l  be inc luded  

because  t h e  sys tems t o  be t r e a t e d  h e r e  are r e a l i s t i c .  The p r e s s u r e  

m a g n i f i c a t i o n s  i n  t h e  cav i t i e s  and t h e  stress m a g n i f i c a t i o n s  in t h e  

p a n e l s  w t l l  be found for  v a r i o u s  t y p e s  of b u i l d i n g s .  

S t r e s s  and S t r a i n  i n  t h e  Panel  in Terms of Displacement 

The p a n e l  is assumed t o  v i b r a t e  i n  i t s  fundamental  mode, Then, 

w = wo S i n  n x / a  S i n  "y/b (6- 1) 

9 I f  a > b ,  t h e  maximum stresses a t  t h e  c e n t e r  of t h e  p a n e l  is ( 3 6 ) ,  

where D = flexural r i g i d i t y  of t h e  panel 

h - t h i c k n e s s  and  

u = P o i s s o n ' s  r a t i o  

'rhc c o r r e s p o n d i n g  maximum s t r a i n  w i l l  be 

6 3  
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I t  was found i n  Chapter  V t h a t  t h e  response €o r  a s i n g l e  degree of 

freedom system f o r  a son ic  boom load never  exceeded 2.16. Hence 

rnechano-acoustical  systems which can  be r ep resen ted  a s  s i n g l e  degree of 

freedom systems (F igure  28) are no t  c r i t i ca l  t o  son ic  boom. 

Systems Having Two Degrees of Freedom 

l n  t h e  s i n g l e  degree o f  freedom s y s t e m  t h e  maximum 'Lransient 

response  i s  bounded. I n  a two degree  of freedom s y s t e m  the  maximax 

response  is c o n t r o l l e d  by t h e  n a t u r a l  f r equenc ie s  of t h e  sys tem.  

Consequent ly  h i g h e r  p r e s s u r e  and stress magn i f i ca t ions  can be expected 

i n  a c o u s t i c a l  networks which are  r ep resen ted  a5 multi degree o f  freedom 

sys t ems .  F igu re  29 shows such t y p e s  of sys t ems .  When a supersonic  

a i r c r a f t  p a s s e s  over  t h e  types  of b u i l d i n g s  r ep resen ted  i n  F igure  29 

t h r e e  d i f f e r e n t  loading  c o n d i t i o n s  are p o s s i b l e  (F igu re  30). 

The e x p r e s s i o n  for t h e  maximax response of a two degree of freedom 

c a n t i l e v e r  s y s t e m  for equa l  and o p p o s i t e  s i n u s o i d a l  pu l se  on t h e  masses 

i s  (5 -10 ) ,  

For a g iven  neck area, neck l e n g t h ,  panel  s i z e  t h e  maximax response i s  

p l o t t e d  as a f u n c t i o n  of t h e  cavity volume as shown i n  F igure  31. I t  

h a s  a maximum va lue  of 10.23. 

The e x p r e s s i o n  f o r  t h e  maximax response o f  a two mass t h r e e  s p r i n g  

system from (5-11) is, 
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Figure  28. Networks Which Can B e  Represented as  S i n g l e  
Degree of  Freedom Mechanical Sys t ems  

F igu res  32 and 33 i n d i c a t e  t h i s  response as a f u n c t i o n  of t h e  c a v i t y  

volume f o r  t w o  d i f f e r e n t  loading  cond i t ions .  I t  is seen  t h a t  t h e  

maximax response  f o r  a son ic  boom type loading  is a l w a y s  less than  

and approaches  t h i s  va lue  when t h e  volume i s  very  l a rge .  The re fo re  f o r  

a l a r g e  c a v i t y  volume t h e  s t i f f n e s s  of t h e  c e n t e r  sp r ing  i s  almost  zero  

and t h e  system degene ra t e s  i n t o  t w o  s e p a r a t e  s i n g l e  degree of freedom 

systems whose maximax response is n. (F igure  3 4 )  

n 

From (6-4) and ( 6 - 5 )  i t  can  be r epea ted  a g a i n  t h a t  c l o s e r  t h e  

n a t u r a l  f r e q u e n c i e s  are,  greater is t h e  response.  The f r equenc ie s  w i l l  

be c l o s e r  i f  t h e  mess r a t i o  is l a rge .  Of t h e  s y s t e m s  shown i n  

F igu re  29, ( a ) ,  (b) and ( d )  have mass r a t i o s  u n i t y  o r  not  much d i f f e r -  

e n t  from u n i t y .  Their n a t u r a l  f r equenc ie s  are t h e r e f o r e  f a r t h e r  a p a r t .  

S y s t e m s  ( c )  and (e )  can have a l a r g e  mass r a t i o  because the  d e n s i t y  of 

a i r  is much smaller compared t o  t h e  d e n s i t y  of t h e  g l a s s  and hence t h e  
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Figure 29. Networks Which Can Be Represented as Two 
Degree of Freedom Mechanical Systems 
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Boom Loading Conditions Figure 30. Sonic 



68 

3 
-e 

3SNOdS3tl X W W I X ~ W  



N 
Y- 

0 

69 

'd 
C 

v) 

E$ h 

t 
V 

> 
L 



70 



71 

maximum response will occur  i n  these .  A room wi th  an  opening and a 

window is used t o  s tudy t h e  c r i t i c a l  c o n f i g u r a t i o n  of an  a c o u s t i c a l  

network later i n  t h i s  chap te r .  

A Represen ta t ive  Analys is  

So fa r  on ly  s i n u s o i d a l  loads were cons idered .  This  was because it 

was r a t h e r  easier t o  ana lyze  f o r  a very  gene ra l  case .  For an  N-wave 

e x c i t a t i o n  a n  actual  system is analyzed us ing  numerical  i n t e g r a t i o n .  

The system and i t s  model are shown i n  Figure 35. 

The e q u a t i o n s  of motion for t h e  model a r e ,  

.. 
mlxl + Czxl -t klx l  + k2(x1 - x2) - F l ( t )  

where m2 0 mass of a i r  i n  t h e  neck 

m y  

k2 ,1  - s t i f f n e s s e s  of c a v i t y  and panel  r e s p e c t i v e l y  

C2 damping cons t an t  a t  neck 

C1 0 damping cons t an t  of t he  panel  

Le - t h e  equ iva len t  length  

equ iva len t  mass of t h e  window 

Damping Cons tan t s  

The damping c o n s t a n t s  C1 and C2 will be found from the  theory  

developed i n  Chapter  I V .  

The e f f e c t i v e  r a d i u s  of t h e  neck i s  3.16'. The neck i s  so wide t h a t  

t h e  v i s c o u s  l o s s e s  are very small and hence can be neglec ted .  

r a d i a t i o n  damping ra t io  is found t o  be 0.02. 

loss mechanisms i n  t h e  panel .  A r e p r e s e n t a t i v e  f i g u r e  of 0.05 i s  taken 

C2 corresponds t o  t h e  l o s s e s  i n  t h e  neck. 

The 

C1 corresponds t o  t h e  
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Figure 34.  Limiting Case of a Two Degree 
of Freedom System 

A 
T 

Figure 35. A Representative Mechano-Acous t i ca l  Sys tern 
and Its Model 
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€ o r  t h e  damping r a t  io .  

The two equa t ions  are solved by numerical  i n t e g r a t i o n  f o r  equal  

and oppos i t e  N-wave on the  masses. 

be  c a l c u l a t e d  from t h e  c e n t e r  d e f l e c t i o n .  When t h e  per iod  of the  

N-wave was close t o  t h e  h ighes t  n a t u r a l  per iod  of t h e  system a maximum 

s t r e s s  of 841 p s i  for 1 psf boom is obtained f o r  t h e  undamped case .  

The corresponding s t r e s s  far t h e  damped s y s t e m  is 460 p s i .  A n  over- 

p re s su re  of 2 . 5  I s  expected f o r  t h e  commercial supersonic  t r a n s p o r t .  

T h i s  w i l t  develop a stress of 2102 p s i  i n  t h e  window. Taking a f a c t o r  

of  safety of 2 . 5  (p .  801, t h e  maximum s t r e s s  i n  t h e  pane l  is 5255 p s i .  

T h i s  c o n f i g u r a t i o n  is not  c r i t i c a l  because t h e  nominal breaking stress 

of p l a t e  g l a s s  is 6000 p s i .  

The maximum stress i n  t he  panel can 

Comparison of t h e  Experimental  R e s u l t s  Obtained 
from NASA with Theory 

Seve ra l  sonic boom t e s t s  were conducted by  NASA during the  summer 

of  1966, over  t w o  t e s t  houses E - l  and E-2  ( 3 4 )  a t  Edwards A i r  Force 

Rase. The p r e s s u r e  loadlngs  on t h e  window i n  the  garage of t es t  house 

E - 1 ,  for t h r e e  d i f f e r e n t  f l i g h t s ,  F-104, XB-70, and E-58 are a v a i l a b l e .  

The p l an  of t h e  garage  and t h e  corresponding mathematical  model are 

shown i n  F igu re  36. 

The door in  t h e  garage is 8ssumed t o  be c l o s e d  because throughout 

t h e  d l a c u s s i o n  i n  t h e  r e p o r t  by t h e  NASA only  s i n g l e  degree of freedom 

s y s t e m  is mentioned. The equat ion  of motion will be, 

C, and C2 are obtained from t h e  r e p r e s e n t a t i v e  analysis. 

loadings  and t h e i r  s t r a i g h t  l i n e  approximations axe g iven  i n  Figure 37. 

The pres su re  
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If 
Y 
d 
0 I 

Figure 36. NASA Garage and I t s  Mechanical Model 

'The equation of motion i s  so lved nurnericatly and the corresponding e, 

ca lcu la ted  f o r  each case. Table TV gives  :he estimated and measured 

s t r a i n s  f o r  the  three d i f f e r e n t  flights. 

TABLE fV 

MEASURED AND CALCULATED STRAINS 
FOR THE NASA GARAGE WTMDOW 

F l i g h t  Measured Stra in  Calculated S t  rain 
p i n / i n  pin / i n  

xu-70 16.0 2 4 . 3  

8-58 

F-104 
23 .O 

16 *O 
26.1 

28.0 
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Figure 37. Pressure Loadings on the Window in NASA Carh.gs 
and Their Straight  Line. Approrimaticns 
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i t  Is seen  t h a t  even though t h e  c a l c u l a t e d  s t ra ins  a r e  s l i g h t l y  i n  

e x c e s s  of t h e  measured s t r a i n s ,  i n  no case  t h e  s t r a i n s  exceed even a 

e the overpressure  was 

e s t r a i n  t eve l s  a re  

i c a n t ,  may be j u  pping of t h e  

w i ndow . 
The d i sc repancy  between t h e  measured and c a l c u  s t r a i n s  can be  

exp la ined .  Although t h e r e  w i l l  be some e r r o r  due t o  the  s t r a i g h t  l i n e  

approximat ion ,  t h e  main source  of e r r o r  must be  i n  t h e  damping r a t i o .  

T h e  window i s  mounted i n  81 f l e x i b l e  support  which moved wi th  t h e  window 

when it v i b r a t e d .  T h i s  c o n t r i b u t e s  cons iddrably  t o  t h e  damping f o r  

which no account  is -de. A l s o  t h e  f l e x i b l e  c e i l i n g  and various t i n y  

l eaks  i n  t h e  garage might add up t o  t h e  t o t a l  l o s s .  The a c t u a l  damping 

r a t i o  could  n o t  be measured from the response t r a c e  of t h e  s t r a in  gage 

. because it is a v a i l a b l e  only  for  8 couple  of c y c l e s .  I n  any c a s e  

t h e o r e t i c a l  v a l u e s  are  no t  fa r  from t h e  measured ones and can be 

cons ide red  t o  be a n  upper l i m i t  of response.  

The s t r a i n  gage r ead ings  f o r  hundreds of o t h e r  f l i g h t s  for t h e  

windows i n  t e s t  houses E-l and E02 are  recorded by NASA. But t h e  

cor responding  p r e s s u r e  load ings  are no t  known. The s t r a i n s  c a l c u l a t e d  

u s i n g  t h e  p r e s s u r e  readings from the  c ruc i fo rm microphone a r r a y  ( 3 4 )  

are  almost  twice as great a s  t h e  measured s t r a i n s .  T h i s  is because 
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g l a s s ,  I f  t he  door was open, s l i g h t l y  h igher  s t r a i n s  would have been 

recorded  because the  s y s t e m  then  becomes a two-degree of freedom s y s t e m  

t w o  degree of f 

f r cquenc ie s  a r e  c l o s e r .  T h i s  means t h a t  t h e  

l a rge .  I n  t h e  fo l lowing  s e c t i o n  s w e r a l  two degree of freedom systems 

where t h e  pane l  stress exceeds t h e  working s t r e s s  of g r a s s  a re  found. 

C r i t i c a l  Acous t i ca l  Systems 

I n  B s i n g l e  degree of freedom system t h e  maximax response t o  

N-wave e x c i t a t i o n  is l imi ted  to 2.16. This corresponds t o  an  equiva-  

Lent des ign  s t a t i c  load of ( 2 . 1 6 ~ 2 . 5 ~ 2 . 5 )  13.50 psf f o r  a 2 . 5  psf  boom. 

T h i s  is much less than  t h e  des ign  wind road (30 p s f ) .  Therefore  f a i l -  

ure of t h e  g l a s s  pane l s  cannot  be expected i n  such aco? ls t ica l  systems 

which can be r ep resen ted  as s i n g l e  degree of freedom mechanical 

sys t ems .  I n  a mult i -degree of freedom s y s t e m  t h e  response can t ake  

any va lue  depending on t h e  n a t u r a l  f requencies .  

shown t h a t  t h e  maximax response of a mult i -degree of freedom s y s t e m  i s  

fn Chapter V i t  was 

not  a f u n c t i o n  of  t h e  number of degrees  of freedom but  on ly  of t h e  

n a t u r a l  f r equenc ie s .  I n  o r d e r  t o  f i n d  a r e p r e s e n t a t i v e  system which 

has t h e  worst  response any mul t i -degree  of freedom system with a t  

ca 1 rn w i l l  be found. 

g r e e  of f r  s y s t e m  it is d i f f i c u l t  t o  
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ana lyze  f o r  N-wave i n  gene ra l .  The p r a c t i c a l  acoustical systems which 

have t h e  g r e a t e s t  response for  s i n u s o i d a l  pu l se  can be f o u n d  from t h e  

expres s ions  developed i n  Chapter V .  Once a c r i t i c a l  system f o r  

s i n u s o i d a l  pu l se  is  obta ined ,  t h e  s y s t e m  far N-wave is obta ined  by 

s l i g h t l y  modifying the  parameters.  

In a two degree  of freedom system with a c y c l e  of equal  and 

oppos i t e  s i n u s o i d a l  pu lse  on t h e  masses t h e  express ion  f o r  t he  maximax 

rpsponsc! is, 

2 
TP - 1 (6 -9 )  

(P+2 - P - 2 )  

T h i s  w i l l  be l a r g e  i f  I p+2 - p a 2  I is small and p l *  la rge .  

T a b l e  V g i v e s  t h e  c r i t i c a l  c o n f i g u r a t i o n s  of s e v e r a l  mechano- 

a c o u s t i c a l  systems and t h e  damped and undamped stresses i n  t h e  window 

f o r  a son ic  boom load of 1 p s f .  I t  i s  found t h a t  for a window of 

size 101x81x34f1 t h e  damped s t r e s s .  i s  1400 psi f o r  a 1 psf boom. T h i s  

corresponds t o  a magn i f i ca t ion  f a c t o r  of 7.0 and t h e  equ iva len t  des ign  

s t a t i c  load on t h e  window w i l l  be  ( 7 . 0  x 2 . 5  x 2.5) 4 3 , 8  ps f .  So a 

window designed f o r  a des ign  wind load of 30 psf  i s  l i k e l y  t o  f a i l  t u  

a sonic  boom of  2.5 ps f  i f  t h e  components a r e  p rope r ly  t u n e d .  Grea te r  

magn i f i ca t ion  r a t i o  than  7.0 can be obta ined  by reducing t h e  neck arca 

and i n c r e a s i n g  t h e  window s i ze  but  these wilt be only of  t h e o r e t i c a l  

i n t e r e s t  because a l l  t h e  p r a c t i c a l  s izes  have been considered i n  

Table V .  

I t  is t h u s  found t h a t  a p rope r ly  tuned a c o u s t i c a l  system which 

c o n s i s t s  of a door opening and B window is c r i t i c a l  f o r  a 2.5 psf  boom, 

The e q u i v a l e n t  des ign  s t a t i c  load i n  t h i s  ca se  can be a s  l a rge  as 

44 p s f .  For 8 room with two windows ( i d e n t i c a l  windows or no t )  t h e  



M A X I M V M  STRESSES IN PANELS 
FOR A 1 PSF BOOM 

Neck N-,.L Voltme Maximum 5 t r ~ s s  psi 
Are!! C .Ft Undamped Daniped6 

h . G b  n 

i - nf Panel S i z e  Length 
Ft Ft. 

' 3  .Of I 5 x 1 5 . x 1 / 2 1 1  1 .o 

7 . 7 4  1 5  XLl )  1x3 / & I  1 .o 

3 . 5 2  14txlbx1/243 1 .0 

4.08  13 I x 13 f x 1 /L i i  L .o 

3 .hO 12 1 x 12  x3 1 .o 

4.38  1 2 1 x 1 0 x3 / 81 1 .o 

4.87 1 2 ' ~ 8 f x 5 / 1 6 "  1 .o 

4 . 3 1  10 x 10 ' x S  / 16" 1 .0 

3.50 LO I x 10 ' x L / 411 1 .o 

5 . 5 2  10 1 x8 1 x5/ 16ft L .o 

4 . 4  1 0  x8tx1/41t 1 *o 

5.4 8 x8 1 x 1 /Lilt 1 .o 

h.2 1 .o 
7.18 h 1x61 x3 / 1619 1 0 

10.4 5 ~ x S ~ x 3 / 1 . 6 ~ ~  1 .o 

8 1 x 7 1 x 1 / 411 

- 
*2% a t  t h e  door opening,  

10 10000 

LO 8000 

1 0 8000 

10 6000 

10 8000 

10 4000 

10 4000 

10 6000 

10 8000 

10 4000 

14 9000 

10 LOO0 

18 9000 

10 2000 

10 2000 

4% at  the p e n e l .  

84 i buL 

1150 a42 

8s 5 60 8 

7 89 569 

1170 869 

7 7s 5 70 

12 10 912 

1250 I(J00 

1540 L200 

1200 4 80 

I ;20 1400 

I ..'* 3 0 113C 

1380 i 1;5 

1310 11513 

i1bO 1030 

i1.28 

0.24 

0 > L b  

0.22 

0.24 

0.20 

0 "  18 

0,20 

0,24 

0,16 

0.20 

0,16 

0,14  

0.12 

0 "  10 
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equ iva len t  des ign  s t a t i c  load never exceeds 30 psf f o r  a 2.5 p s f  boom. 

I t  does not n e c e s s a r i l y  

Class fs a b r l t t l e  

y i e l d  o r  permanent deformation.  

component of t h e  stress exceeding t h e  u l t i m a t e  s t r e n g t h  of t he  g l a s s .  

C l a s s  i s  much s t r o n g e r  in  compression than i n  t ens ion .  The v a r i a t i o n  

oE breaking  s t r e s s e s  i n  specimens of glass is much g r e a t e r  than  f o r  

me ta l s .  I t  i s  because t h e  f r a c t u r e s  of glass gene ra l ly  o r i g i n a t e  i n  

small imperfec t ions  o r  f laws  t h e  la rge  m a j o r i t y  of which are found on 

the  su r face .  Any b r u i s e  o r  a c c i d e n t a l  con tac t  with any hard body w i l l  

produce on t h e  s u r f a c e  of g l a s s  very small c r acks  which may be  i n v i s i -  

b l e  even under a microscope. B u t  t hese  micro-cracks act as  s t r e s s  

F a i l u r e  is u s u a l l y  due t o  t h e  t e n s i l e  

ra i sers  and t h e  stress concen t r a t ion  f a c t o r  can be a s  high a s  100. I n  

t h e  case of metals because of t h e i r  d u c t i l i t y  t he  m a t e r i a l  near  t hese  

3 p o i n t  of c o n c e n t r a t i o n  y i e l d s ,  thus  a l l e v i a t i n g  the  increased  s t r e s s .  

But  i n  g l a s s  t h e r e  is no 5uch r e l i e f  i n  stress, Th i s  i s  t h e  reason 

why t h e r e  is so much v a r i a t i o n  in  t h e  breaking  stress of glass. h 

f a c t o r  of s a f e t y  has t o  be included i n  e s t i m a t i n g  the  design load. 

A fac tor  of 2.5  is recommended fo r  a l l  window g h s 5 c s  ( 2 5 )  and t h i s  
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d i f f e r e n t  from t h a t  of t h e  metals. The re  i s  l i t t l e  d i f f e r e n c e  i n  t h e  

stress-time c u r v e s  of glass under  s t a t i c  l o a d i n g  and c y c 1 . i ~  l o a d i n g  

w i t h  comple t e  stress reversat ,  i f  t h e  maximum stress and t i m e  d u r a t i o n  

are t h e  same ( I ) .  This migh t  i n d i c a t e  t h a t  for a s h o r t  p e r i o d  l o a d i n g  

such  as t h e  sonic boom, f a t i g u e  e f f e c t  is n o t  much pronounced. But 

f u r t h e r  work is n e c e s s a r y  t o  p r e c i s e l y  de t e rmine  t h e  e f f e c t  af f a t i g u e .  



CHAPTER V I 1  

NON-LINEAR LARGE DEFLECTION TWEOKY OF PLATES 

In  t h e  preccding c h a p t e r s  t he  d e f l e c t i o n s  and the  stresses of t h e  

panel  were found us ing  the  l i n e a r  small d e f l e c t i o n  theory.  T h i s  theory  

is  v a l i d  s t r i c t l y  f o r  d e f l e c t i o n s  i n  the  range (361, 

0 < wJh 0.6 

where w = d e f l e c t i o n  a t  t h e  c e n t e r  and 

h = t h i c k n e s s  of t h e  pane l  

For example,  a simply supported panel  of size 5 ' x 5 ' x i V 1  has  a 

c e n t r a l  d e f l e c t i o n  of 0.10511 f o r  a 4 psf s t a t i c  load.  This  corresponds 

t o  a w / h  r a t i o  of 0.42 and is w i t h i n  t h e  above mentioned l i m i t s .  Hence 

l i n e a r  theory  is v a t i d  f o r  t h i s  c a s e .  But  now c o n s i d e r  a dynamic load,  

say an  N-wave, The maximax response of t he  model of the  panel  w i l l  be 

2.16 and t h e  c e n t e r  d e f l e c t i o n  f o r  a 4 p s f  boom w i l l  be 0.2271'< T h i s  

cor responds  t o  a w/h r a t i o  of 0.90 and hence non-linear theory has  t:, 

be used. Even t h e  non- l inear  t heo ry  has  c e r t a i n  r e s t r i c t i o n s .  For 

w/h >> 1 ,  membrane theory  has  t o  be used. Table  Y T  shows t h e  stress 

c o n d i t i o n s  i n  p l a t e s  with small, l a rge  and v e r 3  large d e f l e c t i o n s .  

In  the f i r s t  s e c t i o n  of t h i s  chap te r  s t a t i c  artalysis of p l a t c s  

with  l a rge  d e l e c t i o n  is c a r r i e d  out.  In t h e  second s e c t i o n  an approxi -  

mate dynamic a n a l y s i s  is made using only t h e  fundamer,tal mode con t r ibu -  

t i o n .  
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IATEWI, STRESSES 1N PLATES 

Small I l e f l e c t i o n  Large Def l e c t  ion  Membrane 
Theory Theory 'r he o r  y 

Stress cr indi t  lon Bending Rending and Membrane 
membra ne 

V a l i d  range  Oc:w/hs 0.6 0.6q.ww/h< 4 w/h >> 1 

S t a t i c  A n a l y s i s  of Plates w i t h  Large D e f l c c t i o n s  

The e q u a t i o n s  of  bending  of  a p l a t e  when stretching of t h e  middle  

plane j s  t a k e n  i n t o  a c c o u n t  c a n  be found i n  any advanced t e x t  on rheory 

o f  Elasticity ( 3 6 ) .  These are the so-called Von Karman l a r g e  d e f l e c -  

t l o n  p l a t e  e q u a t i o n s  and consist of a s y s t e m  of two f o u r t h  o r d e r  non- 

l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  ( 7 - 1  and  7-21 

p l a te ra l  l o a d i n g  

h - thfckness  of t h e  panel  

F - stress f u n c t i o n  such t h a t  



N,, Ny, Nxy =normal and tangential loads given by 

$F , Ny = E 2 and N -h- b2F . Nx = h- 
3Y2 ax2 xy axay 

The solution of (7-1) and (7 -2 )  €or a general case is unknown. 

Sornc approximate s o l u t i o n s  are available for a few simplificd cases. 

'I'hc two non- linear equations are solved here using the method developed 

by Kaiser ( 1 4 ) .  Even though this method can be extended to rectanguLar 

p l a t e s ,  for simplicity only square plates are considered. Equations 

( 7 - 1 )  and ( 7 - 2 )  can be reduced to four second order linear partial 

differential equations and a non-linear differential expression by 

introducing the following non-dimensional quantities. 

u - x /a  

v y/a 

p* = ~/E*(a/h)~ 

2 4 = F/h E 

c - w/h 

The reduced equations are, 

v2c - N 
The equations are t o  be solved one after another in t h e  order in 

which they appear. A deflection surface has to be assumed initially 
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Y 

t 

Figure 38 ,  Dimensions of the 
Plate Used in 
Deflect ion 
Ana lysis 

and this i s  compared with the result obtained from the last of the 

equations ( 7 - 3 ) .  If the difference is considerable a new deflection 

surface is assumed and the procedure repeated until the results con- 

verge to a solution. 

Results of the Analysis 

Equations (7-3) are solved us ing  the firrite differences technique. 

Table VI1 gives the stresses and deflections in  panels calculated 

using linear and non-llnear theories. 

variation of load and stress as a function of deflection for a panel of 

s i z e  looqq x 100'' x t". 'It can be concluded from the figures that the 

Load-def lect ion curve of the pane 1s has a non- 1 inear hard spring 

charactetist i c .  The stresses and the deflect ions obtained from the 

Figures 39 and 40 show the 

non-linear theory are lesa than the  corresponding values from the 
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Pane l  S i z e  

COMPARISON OF THE STATIC DEFLECTIONS AND STRESSES 
OF PLATES USING LINEAR AND NON-LINEAR THEORY 

L o a d  

I p s f  

2 psf 

3 psf  

4 p s f  

1 p s f  

2 psf 

3 psf 

4 psf 

1 psf 

2 psf 

3 psf 

4 psf 

- 

- 

- 
I p6f  

2 ps f  

3 p s f  

4 psf 

1 p s f  

2 p s f  

3 p s f  

4 p s f  

Linear 
Center 

Def lecrfor 
( inches) 

e 0003 2 3 

.000646 

000969 

.00€292 

.005 16 

.01032 

.01550 

.020h4 

.02615 

.05230 

.07845 

.lo460 

,0826 

.I652 

.2479 

-3304 

.2018 

4036 

6054 

.8072 

U on -L inea 
Center 
Def i e c t i a  
C inches)  

.OOn307 

* Of 11 ,i, 15 

.(lo0923 

.001230 

a 0049 2 

-00984 

-01475 

.01967 

,02486 

,04942 

.07347 

.09662 

.Q7719 

.1469 Z 

.2070 

.25884 

1746 

29904 

. 39 15 

4658 

Linear 

Stress  
M8X 

( p s i )  

14.3 

28.7 

43 .o 

57.4 

57.4 

114.8 

1 7 2 . 2  

229.6 

129.1 

258.3 

387.4 

516.6 

229.6 

459.2 

688.8 

918.3 

358.7 

707.5 

076.2 

434-9 

II_ 

Non- 
Bend in,  
c--- 

12.3 

24.6 

37.0 

49.3 

49.3 

98.5 

147.7 

190.8 

110.6 

219.3 

324.6 

425.2 

near Ti 
lembrent 
( p s i )  

- 
- 
.. 
- 

. 7  

.6 

1.3 

2.4 

1.7 

6.7 

14.7 

25.4 

191.9 9.2 

269.9 

434.6 

537.4 

81.7 

133.5 

608.2 181.7 I 

ory- 
T o t a l  
( p s i )  

1 2 . 3  

24.6 

37 .O 

49.3 

49.4 

99.1 

149.6 

199.2 

- 

112.3 

226 .O 

339.3 

450 6 

201.1 

391.2 

556.9 

698.4 

299.2 

516.3 

670.9 

789.9 
I__ 
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I i near  theory .  

Membrane Theory 

When t h e  d e f l e c t i o n  of t he  pane l  is much g r e a t e r  than the th i ck -  , 

n e s s  t h e  bending r i g i d i t y  approaches 2ero and a l l  t he  load i s  r e s i s t e d  

h y  mcmhrane s t r e s s e s .  The theory  developed i n  t h e  prev ious  sec t ion  can 

be  used by s e t t i n g  D 0. Since  i t e r a t i o n  process  is involved aga in ,  

t h e  s lmpl i f  Led membrane bending theo ry  developed by Timoshenko (36) 

w i l l  be used he re .  From (361, t h e  center d e f l e c t i o n  of t h e  membrane 

and t h e  maximum membrane stresses f o r  a s i m p l y  supported square mem- 

brane  a r e  g iven  by,  

wo 0.802 a 3J-E 

3E ~r 0.396 

( 7 - 4 )  

7-5) 

where q l a t e r a l  p re s su re  loading 

2a m s i d e  of t he  membrane 

The load -de f l ec t ion  and s t r e s s - d e f l e c t i o n  curves  a r e  p l o t t e d  

( F i g u r e s  41 and 4 2 )  f o r  a membrane of s i z e  180" x 180" x k". As in  

t h e  case  of t h e  non- l inear  t heo ry ,  t h e  load-def l e c t i o n  curve e x h i b i t s  

a non- l inear  ha rd  s p r i n g  c h a r a c t e r i s t i c .  F u r t h e r ,  t h e  membrane stress- 

es are less than  t h e  bending stresses c a l c u l a t e d  us ing  t h e  l i n e a r  

theory .  

T rans i en t  Response of Panels  w i th  Large Def l ec t ion  

An approximate a n a l y s i s  of t h e  t r a n s i e n t  response of pane ls  with 

l a rge  d e f l e c t i o n  f e  made by d e r i v i n g  a n  equ iva len t  single degree of 
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9 2  

f rt:c%dom model, t l c r r m n n  and Chu ( 5 )  i n  t h e i r  a n a l v s i s  crn s t e a d y  s t a t e  

rrssponsc. of p a n e l s  w i t h  large. dt.f l e c t i o n s  f i n d  t h a t  t h e  mode shapes  can 

s t i l l  be taken  s i n u s o i d a l  i f  t h e  edges  a re  s imply suppor ted .  The fun-  

damental  mode i s  t h e r e f o r e  g i v e n  b y ,  

The e q u i v a l e n t  mass c a n  be o b t a i n e d  by e q u a t i n g  t h e  k i n e t i c  e n e r g i e s  

a s  9 

meq = m / 4  ( 7 - 7 )  

The e q u i v a l e n t  s t i f f n e s s  is found by e q u a t i n g  t h e  p o t e n t i a l  

e n e r g i e s .  The l o a d - d e f l e c t i o n  curve f o r  t h i n  p a n e l s  and membranes is 

n o n - l i n e a r  and  c a n  be r e p r e s e n t e d  g e n e r a l l y  a s ,  

F = peab - kw -t pw3 (7-8) 

w h e r e  k - s t i f f n e s s  (in g e n e r a l  d i f f e r e n t  from t h e  c o r r e s p o n d i n g  v a l u e  

f o r  l i n e a r  t h e o r y )  

)r - n o n - l i n e a r i t y  c o e f f i c i e n t  

The p o t e n t i a l  e n e r g y  is g i v e n  b y ,  

wo b a 

P.E. * sJJ p S i n  "x/a S i n  ny/b  dx dy dw 
0 0 0  

aLp+ n 2 

Under t h e  assumpt ion  t h a t  t h e r e  e x i s t s  a k 

e n e r g y  of a stngle  d e g r e e  of freedom non-Linear ( h a r d  s p r i n g )  system 

is 

and a kS, t h e  p o t e n t i a l  
eq 



( 7 - 1 1 )  

T h i s  resu l t s  i n ,  

( 7 - 1 2 )  

( 7 - 1 3 )  

The e q u i v a l e n t  area ob ta ined  by preserv ing  t h e  s t a t i c  d e f l e c t i o n  is, 

Aeq = 4n/n2 (7-14)  

The equat ion  of motion f o r  t h e  model f o r  a n  N-wave load i s ,  

c 

( 7- 15) 

The s t i f f n e s s  k and t h e  n o n - l i n e a r i t y  c o e f f i c i e n t  can be 

obta ined  f o r  d i f f e r e n t  pane l s  from t h e i r  load d e f l e c t i o n  curves.  

( F i g u r e s  39 and 41).  The corresponding  stress i s  obta ined  from the  

s t r e s s - d e f l e c t i o n  curves  (F igu res  40 and 42) .  Table  VfII g i v e s  

the  resu l t s  of t h e  dynamic a n a l y s i s  f o r  small p a n e l s  ( l a r g e  d e f l e c t i o n  

theo ry )  and Table  1X g i v e s  t h e  results f o r  l a rge  pane ls  (membrane 

theory,) 

The stresses p red ic t ed  by t h e  non- l inear  t h e o t i e s  are  much less 

than  t h e  stresses obta ined  from t h e  l i n e a r  theory .  tience i t  can be 

concluded t h a t  t h e  dynamic a n a l y s i s  c a r r i e d  out  u s ing  the l i n e a r  

theory  g i v e s  a n  upper bound f o r  t h e  stresses. 



TABLE VLII 

STRESSES I N  PANELS USING LINEAR AN[) NON-LINEAR 
THEORt ES FOR N -WAVE LOADING 

Deflection (in.,) Total S t r e s s  ( p s i )  
1,oad Panel S i z e  Linear Non-l, inea t Linear Non- Linear w/h 

20" x20"xE" 1 3 4x 10 " 1 2eX 10-5 59 47 5 x  low5 

1 p s f  60t1x60t1xk'v 9 1 . 5 ~ 1 0 ' ~  8 5 . 7 ~ 1 O " ~  47s 375 0 . 3 4  

lOO~~xlOOftx&ff 0.433 0.350 760 570 1.4 

TABLE I X  

STRESSES I N  PANELS USING LINEAR AND MEMBRANE 
THEORIES FOR N-WAVE LOADING 

Load Panel Size w/h 
DeElection ( i n . )  Total Stress  ( p s i )  

Linear Membrane Linear Membrane 

10011 x100" X&" 0.433 0.356 7 60 3 10 1.4 

1 p s f 1 2 0" x 1 2 01' x t  1' 0.917 0.446 1000 3 45 1.8 

1 8 0 " ~  180fvxp  5 3 0 0  0.783 1925 45 5 3 . 3  



CHAPTER V I 1 1  

CONC1,US IONS AND RECOMMENDATIONS 

The following concltisions are made front this studv- 

1, The mathematical model with a mass m/4, stiffness (n2/4)k ,  

2. 

damping ratio C, end area (4 / d ) A  represents Exactly the 

fundamental mode response of a panel of mass m, stIffnEss k, 

damping ratio 5 and area A. 

fundamental mode) and the static deflection are preserved in 

the above model. 

The radiation losses predominate in a wide-mouth resonator and 

the viscous losses predominate In a narrow-mouth resonator. 

Hence, in buildings the  main damping mechar'ism a t  an open door 

The natural frequency (of the 

is radiation losses If there arc no leaks. 

3 .  The acoustic radiation damping of a simply supported psnel  

is independent of t h e  thickness tor a uniform damping pressure  

and is a function o n l y  of the panel aspect rario .  The damping 

ratio is a minimum for a square panel. The representative 

acoustic radiation damping rario of a panel ca? De taken as  

0.001, But, the joint-friction and structural damping of a 

window are much greater than che acoustic damping. 

The representative damping retius for a room w:th an open door 

and a window will be 2% at the door ana 3% at the window. 

T h i s  forms the lower bound for the damping ratios.  

4. 
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S .  7rre maximax response. t3t ncext:a-.ical systems . s  -tot crlbomded 

when the  e x c i t a t i o n  frequency equa l s  urtc of t h e  n a t u r a l  

f r equenc ie s .  T h i s  maximum is a functirs-. c f  the product  of the  

d i f f e r e n c e s  of t h e  squares  of t h e  n a t u r a l  f requei ic ies  o f  the  

system. 

6. The s e v e r e s t  response i n  mechanical systenis occurs  wt,en t h e  

loads are acting in a conf igu ra t ion  corresponding t o  the  f i rs t  

mode. Th i s  means, i d e n t i c a l  loading cond i t ions  on t h e  masses 

f o r  a symmetrical system. S ince  the sonic  boom loading c o r r e -  

sponds to equal  and oppos i te  loads o n  t h e  masses, t h e  response 

is Less severe .  

7 ,  The response of a symmetrical two mass t h r e c  spr ing  system i s  

always less t han  2.16 for s m i c  boom loading. It approaches 

t h i s  va lue  when t h e  s t i f f n e s s  of t h e  c e n t e r  spring is  very  

small. The network which corresponds t o  the  two mass t h r e e  

s p r i n g  system will be a room with two windows. The maximum 

response of t h e  windows f t f  they are  i d e n t i c a l ;  f o r  a s o n i c  

boom loading i s  2.16 wtriCh corre*ponds r.n ar. e q u i v a l e n t  design 

s t a t t c  load of 13.5 p s t  c u r  a 1 . 5  psf  boom, ~ L ~ ~ c I >  oindows a r e  

g e n e r a l l y  designed t o r  a 30 psf wind load this conf igu ra t ion  

is n o t  cr i t i ca l  f o r  sonic boom e x c i t a t i o n .  

8 .  The maximax response of a two degree o t  freedom c a n t i l e v e r  

system can be much g r e a r e r  than  2.16. T h e  cxzct  balut.  i s  a 

f u n c t i o n  of t h e  uncoupled n a t u r a l  f r equenc ie s  anti t h e  mass 

r a t i o .  Th i s  system k i l l  correspond t o  a r u t m  W i c h  a n  Qpening 

and a window. A magnit ' icat ion f a c t o r  of 6 10 is obta ined  f o r  

a window tn  p r a c t i c a t  a c o u s t i c a l  systems. For B pane l  of size 



101x&3ixt* l  B stress level 11: !400 p s i  i s  obta ined  for a 1 psf  

boom. 

load of 38 psf f o r  a 2 * 5  psf boom. Hence windows i n  such 

systems which are p rope r ly  tuned y i e l d  g r e a t e r  stresses than 

wirtdowe i n  any o t h e r  system. 

T h i s  w i l l  correspond t o  an  equ iva len t  des ign  s t a t i c  

9. The nan- l fnea r  t heo ry  f o r  t h e  pane l s  p r e d i c t s  a hard  sp r ing  

type  load -de f l ec t ion  c h a r a c t e r i s t i c  and t h e  makimax stresses 

are  l e s s  t han  t h e  cor responding  v a l u e s  ob ta  ned from the  

l i n e a r  t heo ry .  Hence t h e  stresses ob ta ined  from t h e  l i n e a r  

t heo ry  r e p r e s e n t  a n  upper bound of  response.  

Recommendations 

The fo l lowing  r eco rnenda t ions  are made f o r  f u r t h e r  study: 

1. S i n c e  t h e  v a r i a t i o n  of t h e  breaking  stress i n  s e v e r a l  g l a s s  

p a n e l s  of t h e  same type  is cons ide rab le  t h e  f a i l u r e  of a 

p l a t e  g l a s s  window h a s  t o  be analyzed s t a t i s t i c a l l y .  

2. Experimental  r e s u l t s  for t h e  response t o  son ic  boom can be 

o b t a i n e d  by s i m u l a t i n g  son ic  booms i n  b u i l d i n g s  of d i f f e r e n t  

s i z e  and shapel  

3. The non- l inear  t r a n s i e n t  response of mult i -degree of freedom 

systems needs t o  be s tud ied .  

4. Though t h e  stresses i n  t h e  window do no t  exceed t h e  working 

stress f o r  t h e  g l a s s  t h e  p o s s i b l i t y  of f a i lu re  due t o  f a t i g u e  

s tudy  of t h e  number of c y c l e s  t h a t  could  

i m i t  f o r  a given  sonic  boom type can  be 

h a s  t o  be s tud ied .  A 

exceed t h e  endurance 

made 

5 .  The glass may f a i l  a t  a much Lower s t r e s s  than t h e  working 
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stress because of microcracks and o t h e r  m e t a l l u r g i c a l  flaws 

which act  a s  stress-raisers. The f low and f r a c t u r e  of g l a s s  

needs t o  be s t u d i e d  t o  understand t h e  f a i l u r e  of g l a s s  pane ls .  

6. I t  has  been found i n  l i t e r a t u r e  on g l a s s  t h a t  i t  i s  poss ib l e  

t o  i nc rease  t h e  working load on g l a s s  by pre-compressing i t .  

Pre-compression technique has advanced t o  such an e x t e n t  t h a t  

g l a s s  which can  resist a stress of lO0,OOO p s i  a r e  being made. 

A study of t h e  s u i t a b i l i t y  of u s ing  such g l a s s e s  i n  apartment 

and supermarket windows w i  11 be i n t e r e s t i n g  and worthwhile. 

7. The t r a n s i e n t  response of a panel  coupled t o  a c a v i t y  has  

d e f i e d  e x a c t  a n a l y s i s  so f a r .  Th i s  can  be i n v e s t i g a t e d  and 

t h e  v a l i d i t y  of t h e  s i n g l e  degree of freedom assumption f o r  

t he  pane l  can be v e r i f i e d .  

8. The t r a n s i e n t  response of a panel  t a k i n g  i n t o  account addi-  

t i o n a l  symmetrical modes is worthwhile because t h e  con t r ibu -  

t i o n  by t h e  symmetrical modes can be cons ide rab le  f o r  stress. 

9. The s t a b i l i t y  of t h e  non- l inear  equa t ions  used i n  t h e  l a rge  

d e f l e c t i o n  t h e o r y  should be s t u d i e d  on a parameter b a s i s  so 

t h a t  those  equa t ions  can be modif ied s u i t a b l y  t o  arr ive a t  

quick r e s u l t s .  

10. In a d d i t i o n  t o  g l a s s  breakage,  t h e  f a i l u r e  due t o  son ic  booms 

The may be i n  t h e  form of n a l l  popping and p l a s t e r  c racking .  

exact n a t u r e  of t h e s e  i s  d i f f i c u l t  t o  analyze bGt approximate 

p r e d i c t i o n s  can  be made. 

11, The t r a n s i e n t  response of a row of pane 

because most of t h e  supermarket windows 

one which f a i l e d  i n  t h e  son ic  boom t e s t  

s needs t o  be s tud ied  

are of t h i s  type.  The 

i n  Oklahoma C i t y  had 
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e ight  windows i n  a row. 

1 2 .  It was assumed that the wave length i s  very  long compared to 

the dimensions of the building. Supermarkets and modern a i r  

terminals are almost the same s i z e  as the wave length. Exact 

ana lys i s  using t h e  acoustic  equation needs t o  be carried out. 
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APPENDIX A 

NUMERICAL INTEGRATION 

A l m o s t  a l l  t h e  o r d i n a r y  d i f f e r e n t i a l  equa t ions  appearing i n  t h i s  

t h e s i s  were so lved  us ing  numerical  i n t e g r a t i o n .  The numerical  i n t eg ra -  

t i o n  has  a g r e a t  advantage (which compensates for i t s  being a l i t t l e  

less  a c c u r a t e )  over t he  convent iona l  Laplace t ransform method. I n  

t h e  l a t t e r  method when t h e  e x c i t a t i o n  frequency equa l l ed  one of t he  

n a t u r a l  f r equenc ie s  of t h e  system er roneous  results were obta ined  f o r  

undamped cases .  A n a l y t i c a l l y  it was shown t h a t  t h i s  could not  happen 

and t h e  maximax approached a d e f i n i t e  va lue  f o r  a p a r t i c u l a r  system. 

T h i s  va lue  agreed very  wel l  with the  r e s u l t  ob ta ined  from numerical 

i n t e g r a t i o n .  

Numerical i n t e g r a t i o n  was performed us ing  t h e  Runge-Kutta and 

Adams-Moulton methods. 

because i t  is a p r e d i c t o r  c o r r e c t o r  method and t h e  s o l u t i o n  can be 

i t e r a t e d .  S ince  i t  i s  not  a s e l f - s t a r t i n g  method Hunge-Kutta method 

i s  used t o  c a l c u l a t e  t h e  necessary  va lues  f o r  t he  Adams-Moulton method. 

The Adams-Moufton method has  a b e t t e r  accuracy 

Runge-Kutta Method 

There a re  s e v e r a l  o r d e r s  of Runge-Kutta method depending on the  

The e r r o r  f o r  even t h e  f i rs t  o rde r  method is O(h3) accuracy  needed. 

which is less than  t h e  O ( t 2 )  f o r  t he  E u l e r  method. 

a l l y  used i s  t h e  fou r th -o rde r  Runge-Kutta method. 

The method gener -  

I03 



T h e  Runge-Kutta method is der ived  by assuming a pa r t i cuLar  form 

of the s o l u t i o n  and equa t ing  i t  t o  a cor responding  T a y l o r t s  series 

s o l u t i o n .  

t h e  order of the method t o  be der ived .  The c o e f f i c i e n t s  of t h e  assumed 

s o l u t i o n  are  then  ob ta ined  by comparing t h e  c o e f f i c i e n t s  of l i k e  powers 

i n  both  s o l u t i o n s .  

The  number of  terms taken  in t h e  T a y l o r ' s  series depends on 

For an  equa t ion  of t h e  t y p e ,  

wi th  y(xo) - x t h e  fou r th -o rde r  Runge-Kutta method g i v e s  
0 

yn + f El 4- 2K2 f 2K3 f K4 
Yn+ t 1 (A-2) 

where K1 h f (xn ,yn)  

K2 hf(Xn + h/2, yn + K 1 / 2 )  

K3 9 hf (xn  + h / 2 ,  yn f K2/2) 

K4 hf(Xn 4 h ,  Yn f K3) 

h - s t e p  s ize  

The t o t a l  t r u n c a t i o n  e r r o r  of t h e  Runge-Kutta method is O(h5), 

hdams-Moulton Method 

I n  t h e  Runge-Kutta method e v e r y  t i m e  t h e  d e r i v a t i v e s  a t  f o u r  

d i f f e r e n t  p o i n t s  have t o  be c a l c u l a t e d .  

r e q u i r e  o n l y  one d e r i v a t i v e  a t  each  s t e p .  

s av ing  computer t i m e  bu t  more accuracy  because t h e  s o l u t i o n  can be 

i t e r a t e d .  

Ku t t a  method h a s  t o  be used t o  s ta r t  t h e  process .  

The m u l t i - s t e p  formulas 

T h i s  r e s u l t s  no t  on ly  i n  

But t h e  m u l t i - s t e p  methods are n o t  s e l f - s t a r t i n g  and Runge- 

The p r e d i c t e d  va lue  from t h e  Adms-Moulton method is  given by, 
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Then €z+L can be computed because 

The c o r r e c t e d  va lue  i s  given by 

The procedure can  be r epea ted  and t h e  kth c o r r e c t e d  value w i l l  be 

The f o u r  s t a r t i n g  va lues  needed f o r  t h i s  method are  suppl ied  by 

t h e  Runge-Kutta method. 

I f  t h e  e q u a t i o n s  are of  h ighe r  o r d e r  or simultaneous,  they can be 

reduced t o  a number of f i r s t  o r d e r  equa t ions  and t h e  above procedure 

can  then  be used. T h i s  method w i l l  s o l v e  any o r d i n a r y  d i f f e r e n t i a l  

equa t ion  l i n e a r  o r  non- l inea r .  A computer program is a v a i l a b l e  with 

t h e  computer c e n t e r  of Oklahoma S t a t e  Un ive r s i ty .  

Examp l e  

Let t h e  two e q u a t i o n s  r e q u i r e d  t o  be solved be ,  

These are w r i t t e n  i n  t h e  form 
. 

C x  k F I W  - - A x 1  - x z )  + ,- 
0 .  

x - - 1 1  1 
m l  ml m l  
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( A - 1 0 )  

This is a system of two second-order equations and can be reduced to 

f o u r  first-order equations using s ta te  variables .  

Y l  = *1 

Y2 = X'I 

y3 = x2 and 
e 

y4 = x2 

Then the four f irst-order equations are ,  

y 1  = y2 

;2 = - GLr_2_ - L(Y1 - y3) 4- - F l W  
m t  m t  m t  

N3 = Y4 

7 

I 
(A- 1 'I) 

These four f irst-order equations can then be solved i f  the four 

i n i t i a l  conditions are known. 



APPENDIX B 

FINITE DIFFERENCES TECHNIQUE FOR 

PANELS FOR STATIC LOADS 

The s o l u t i o n s  of t h e  p l a t e  bending equa t ions  for small and l a r g e  

d e f l e c t i o n  t h e o r i e s  Using t h e  f i n i t e  d i f f e r e n c e s  technique  are dis- 

cussed  he re  

Sma 11. Def lec t  ion Theory 

The equa t ion  of bending of a p l a t e  u s ing  small d e f l e c t i o n  theo ry  

is, 

V4w = q / D  (B-1) 

I f  a square  p l a t e  i s  d iv ided  i n t o  a mesh of  s i z e  8 x 8 ,  only  t e n  

p o i n t s  have t o  be cons idered  because of d i agona l  and r e c t a n g u l a r  

symmetries . 
Equat ion (8-1) can be reduced t o  two second-order Poisson equa- 

t ions .  

V4F = q/D (B-2) 

V4w - F ( B - 3 )  

The f i n i t e  d i f f e r e n c e  form of (8-2) ( t a k i n g  t h e  forward d i f f e r -  

ences )  is - q/D F - F i , j  S F  i - 1 , j  + Fi , j+ l  + FLj- l  i+l , j  

The e q u a t i o n s  for t h e  t e n  points  i n  t h e  mesh y i e l d  a system of equa- 

t i o n s  t h e  s o l u t i o n  of which y i e l d s  t h e  va lue  of F a t  a l l  p o i n t s .  

107 
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Once FS a r e  known (8-3)  is solved i n  an i d e n t i c a l  fash ion  except f o r  

thc  f a c t  that t h e  r ight-hand side is rep laced  by F. Usually i t  is very 

easy  t o  so lve  a l i n e a r  Poisson equat ion  by t h e  f i n i t e  d i f f e r e n c e s  

technique .  

p a r t i a l  d i f f e r e n t i a l  equa t ions  of t he  p l a t e  wi th  la rge  d e f l e c t i o n  i n t o  

f o u r  Poisson equa t ions  and one non- l inear  d i f f e r e n t i a l  expression.  

This is one of t h e  reasons f o r  reducing t h e  non- l inear  

F igure  43. F i n i t e  D i f f e rence  Mesh 
f o r  a Square P la te  

Large Def Lection Theory 

d 

C 

b 
a 

The f i n i t e  d i f f e r e n c e s  form ( t a k i n g  forward d i f f e r e n c e s )  of 

equa t ions  7-3 is 
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2 where s' - s/n 
M' - M/n2 

l n t t i a l l y  t h e  va lues  of a t  t h e  t e n  s t a t i o n  p o i n t s  have t o  be 

assumed ( f o r  n - 4). As an i n i t i a l  guess  t h e  va lues  g iven  by t h e  

l i n e a r  theory  can  be taken.  Once t h e  d e f l e c t i o n  s u r f a c e  is known 

( B - 5 )  becomes a Poisson  equat ion .  But it cannot be sa lved  e x p l i c i t l y  

f o r  s 1  , s2 etc., because of t h e  boundary terms. SI' are  obta ined  i n  

terms of t h e  v a l u e s  a t  t h e  boundary. 

1 

1 

These values of S I  are 

' s u b s t i t u t e d  i n  (E-6) and us ing  t h e  boundary c o n d i t i o n s  
I 

( B - 1 0 )  "13.1 - *#i ,  J 

( i - t l  is a boundary p o i n t )  ( B - 6 )  can be reduced t o  a l i n e a r  Poisson 

equa t ion  of t h e  type  d i scussed  i n  t h e  l i n e a r  theory.  The solutiori of 

t h i s  y i e l d s  4.  

can  be c a l c u l a t e d  because and 0 are  known. (B-8) and ( B - 9 )  are then  

reduced t o  t h e  l i n e a r  Poisson equat ion .  

* From t h e  non-l inear  a l g e b r a i c  expres s ion  ( B - 7 1 ,  pG 

The s o l u t i o n  of (B-9) y i e l d s  

t h e  d e f l e c t i o n  s u r f a c e  C. 
s u i t a b l e  m o d i f i c a t i o n s  ure made end t h e  procedure repeated u n t i l  

desired accuracy  is obtained.  

T h i s  is compared wi th  t h e  assumed ( a n d  
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A SURVEY OF FUNDAMENTAL FREQUENCTES AND DAMPING 

FACTORS OF U R G E  PLATE GLASS FfINDOWS 

A survey of r ep resen ta t ive  damping f a c t o r s  and n a t u r a l  f requencies  

of windows was conducted f o r  approximately one hundred s t o r e f r o n t  windows 

i n  S t i l l w a t e r ,  Oklahoma. The windows were exc i t ed  manually a t  the  cen te r ,  

suddenly r e l eas ing  a s  a recorder  was s t a r t e d .  The displacement h i s t o r y  

of each of t he  windows was measured by a p iezoe lec t r i c  

coupled w i t h  a charge ampl i f i e r  having a high input  impedance. 

microphone was used f o r  t h e  reason t h a t  any o the r  type of sensor  would 

add damping t o  t h e  system. While i n  many ins t ances  t h i s  a f f e c t  would be 

n e g l i g i b l e ,  the  microphone a l s o  a f fo rds  t h e  f a s t e s t  way of measuring the  

t r a n s i e n t  response of a l a rge  number of windows without  ex tens ive  set-up 

time. The l i n e a r i t y  of t h e  microphone system used was t e s t e d  i n  the  

labora tory  on an e s p e c i a l l y  cons t ruc ted  c a n t i l e v e r  vane-type device.  

microphone 

The 

Since t h e  microphone was gene ra l ly  employed a t  a d i s t ance  of not  over 

1/2 inch from t h e  window, t h e  p a r t i c l e  displacement a t  t h e  microphone 

was very c l o s e  t o  t h a t  of t h e  window. 

not needed s i n c e  only  t h e  n a t u r a l  frequency and log decrements were 

determined from t h e  record ings .  

Actual displacement values  were 

Of t h e  windows t e s t e d ,  approximately ha l f  were of l i t t l e  use s ince  

t h e  wave form was no t  a t r u e  exponent ia l  decay. The reason f o r  t h i s  i s  

t h a t  many windows were mounted i n  r a t h e r  f l e x i b l e  mullions and it was 

impossible t o  e x c i t e  a s i n g l e  window without e x c i t i n g  t h e  ad jacent  ones. 

Very o f t e n  t h i s  arrangement re'sulted i n  t h e  presence of beats i n  t h e  
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r eco rd ing  making t h e  measurement of s i n g l e  mode damping impossible t o  

o b t a i n .  

S ince  t h e  windows were d r i v e n  t o  only a very  smal l  ampli tude,  very  

l i t t l e  non l inea r  response was no t i ced .  The frequency measured dur ing  

t h e  f i r s t  few c y c l e s  was g e n e r a l l y  t h e  same a s  t h a t  measured a t  t h e  end 

of t h e  r eco rd  which i n  some ins t ances  was t h r e e  seconds long. The log  

decrement was measured dur ing  t h e  f i r s t  f i v e  c y c l e s  s i n c e  ampli tudes 

could be more a c c u r a t e l y  measured on t h i s  p a r t  o f  t h e  record  than  any 

o t h e r .  I n  gene ra l  t h e  envelopes of t h e  wave forms a r e  not  t r u e  exponen- 

t i a l s  and f o r  t h i s  reason  it must no t  be assumed t h a t  only v iscous  

damping i s  p resen t .  However, it i s  f e l t  t h a t  t h e  measurements which 

were taken  g ive  a good approximation of t h e  range of damping f a c t o r s  t o  

be encountered.  

There i s  no apparent  c o r r e l a t i o n  between d i f f e r e n t  types  of s a sh  

m a t e r i a l s ,  t h i ckness  of g l a s s ,  a spec t  r a t i o  s i z e ,  n a t u r a l  frequency o r  

damping f a c t o r .  However, a c e r t a i n  range  of damping $ac to r s  ’ L  

emerged and t h i s  in format ion  would be u s e f u l  t o  determine t h e  upper and 

lower bounds of damping f a c t o r s  i n  r e p r e s e n t a t i v e  windows. The measured 

n a t u r a l  f r equenc ie s  compared very  favorably  w i t h  t h e  c a l c u l a t e d  frequen- 

c i e s  for simply supported p l a t e s .  

The measurable d a t a  ob ta ined  from t h e  tests a r e  shown i n  Table I. 

The o r i g i n a l  records  were numbered from 1 to 99 and a s k i p  i n  t h e  number- 

ing  i n d i c a t e s  t h e  c a l c u l a t i o n  was no t  made due t o  t h e  f a c t o r s  mentioned 

above. The range of  damping f a c t o r s  extended from .01 t o  .06. Since  

very  few windows were of t h e  same s i z e  and a spec t  r a t io ,  it i s  u s e l e s s  

t o  a t tempt  any type  of  s t a t i s t i c a l  a n a l y s i s  f o r  t h i s  set of d a t a .  The 

average damping f a c t o r  f o r  t h e  46 windows under cons ide ra t ion  is  0.0284. 

The 46 tes t  p o i n t s  a r e  shown as a matrix on F igu re  1 w i t h  coord ina te s  of  
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measured damping f a c t o r  and measured n a t u r a l  frequency. No interpre-  

t a t i o n  can be made of t h i s  p lo t  s ince ,  f o r  example, both t h e  h ighes t  and 

lowest measured va lues  of damping occur a t  t h e  lower n a t u r a l  f requencies .  

Figure 2 i s  a p l o t  of damping r a t i o  a s  a func t ion  of aspec t  r a t i o ,  

f o r  var ious  th icknesses  of g l a s s .  There is no apparent co r re l a t ion ,  

but t h i s  is t o  be expected s ince  mechanical f r i c t i o n  is predominant. 

A t t e m p t s  a t  s t a t i s t i c a l  eva lua t ion  were somewhat unrywarding. 
I 

Figure 3 i s  an approximate p lo t  of p robab i l i t y  dens i ty  f o r ' t h e  damping 

r a t i o  of a l l  t h e  windows. No s ign i f i cance  should be a t tached  t o  t h i s  

p l o t  o the r  than t o  note t h e  r e l a t i v e l y  narrow spread of values .  



TABLE I 

h - thickness;  a - horizontal dimension; b - v e r t i c a l  dim. 

f - calculated frequency; f - measured frequency 
C rn 

- damping factor ,  (average for  5 c y c l e s )  

Record h! I a" b" a/b f C  f m 6 

1 

5 

13 

15 

16 

19 

20 

21 

22 

24 

27 

28 

31  

33 

35 

45 

52 

53 

54 

55 

56 

57 

58 

62 

63 

.25 
I 1  

II 

11 

11 

.3 12 
I 1  

.25 
( 1  

II 

1 1  

I 1  

1 1  

I 1  

1 1  

.3 12 
1 1  

.375 

.25 

.3 12 

.375 

.3 12 
11 

11 

.375 

76.8 

121.5 

58.3 

60.8 

59.6 

73.8 

7 3 

83.4 

83.5 

75.3 

125.6 

7 4  

77 

75 

56 

91.6 

78 

100.8 

50.3 

66 

66.3 

115.3 

114.8 

95.3 

5 2 . 5  

79.3 

69.8 

94 

89 

89 

59.6 

59.8 

96.5 

96.5 

88.3 

97 

86 

112.6 

87.5 

78 

83.3 

67.4 

69.3 

68.5 

77 

77.3 

93 

93 

70.6 

70.6 

.97 

1.74 

.62 

.68 

.66 

1.23 

1.22 

.86 

.86 

.85 

1.29 

.86 

.68 

.85 

.71  

1.09 

1.15 

1.45 

.73 

.85 

.85 

1.24 

1.23 

1.34 

74 

7.7 

6.5 

9.7 

9.4 

9.7 

13.9 

13.9 

5.9 

5.9 

7.2 

4 .O 
7.5 

5.9 

7.3 

11.4 

7.7 

11.4 

11.1 

14.5 

9.5 

14.3 

5.6 

5.6 

9.2 

20.4 

7.2 

5.9 

9.5 

8.6 

9.2 

11.8 

12.9 

5.6 

5.5 

7.2 

4.6 

7.7 

6.8 

7.2 

10.8 

6.4 

9.5 

8.4 

11.1 

9.1 

11.4 

5.4 

4.6 

12.0 

7.5 

.036 

.0344 

.0251 

.0224 

.0192 

.O 196 

.0158 

.0273 

,0333 

.0515 

.026 1 

.0297 

,0438 

,0217 

.0288 

.0157 

.0241 

.0278 

.033 

.0168 

,0139 

,017 

.0206 

.033 

.0585 
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70 
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73 
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79 

80 
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85 

86 

87 

88 

89 

98 
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.25 
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11 
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.25 

.375 
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11 
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80 

78 
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92 

89 
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87 

87 
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95 
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80 
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59 
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90 

90 
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87 
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98 
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7.0 
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6.1 
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.030 1 

.0425 
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.0245 
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Figure 1. Damping Ratio as  a F-inction of 
Measured Frequency 
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F i g u r e  3 .  Damping Ratio Probability Eers i ty  
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ANALOG COMPUTER STUDIES 

A s e r i e s  of analog computer runs was made t u  determine t h e  displace-  

ment h i s t o r y  of a hypothe t ica l  bu i ld ing  having one la rge  window and a 

f l e x i b l e  f l a t  r o o f ,  The d i g i t a l  computer a n a l y s i s  po in ts  t o  t h e  conclu- 

s i o n  t h a t  t h e  most c r i t i c a l  response s i t u a t i o n  i s  t h a t  i n  which a window 

is  mounted i n  a c a v i t y  having a l a rge  opening. This i s  probably of only 

moderate concern s i n c e  very few bui ld ings  have la rge  permanent openings. 

The second most c r i t i c a l  case ,  t he re fo re  appears t o  be t h e  window - 
f l e x i b l e  c e i l i n g  conf igura t ion .  The r e a c t i o n  between a l a rge  window, 

and a smal l  one, i n  a r i g i d c a v i t y  is  of less concern, due t o  t h e  small 

range of poss ib le  niass r a t i o s .  

The p rope r t i e s  of t h e  test conf igura t ion  a r e  a s  follow: 

Window s i z e  

Window th ickness  

Window mass 

Roof a rea  

Ce i l ing  height  

Ce i l ing  mass 

11 f t .  x 11 f t .  

.25 i n .  

5 s l u g s  

5,000 sq. f t .  

20 f t .  

300 s lugs  

These values  were chosen because t h e  l i m i t i n g  s i z e  of .25 inch g l a s s  is 

gene ra l ly  accepted as 11 f t ,  x 11 f t .  al though t h i s  is i n  v i o l a t i o n  of 

many Guilding codes. Thus, t h e  window chosen has t h e  lowest n a t u r a l  

frequency, 2.7 cps of a l l  commercially a v a i l a b l e  windows. 

The mass of t h e  r o o f - c e i l i n g  s t r u c t u r e  was chosen t o  be representa-  

t i v e  of t h e  t y p i c a l  u n i t  roof s t r u c t u r e  and t h e  uncoupled n a t u r a l  f r e -  

quency was assumed t o  be as low a s  phys ica l ly  r e a l i z a b l e ,  about 1.9 cps.  



T h i s  assumption puts  t h e  two coupled n a t u r a l  f requencies  a s  c l o s e  to-  

ge ther  a s  poss ib le .  

Damping f a c t o r s  f o r  both t h e  c e i l i n g  and t h e  window were se l ec t ed  

from values  taken from a c t u a l  v i b r a t i o n  measurements. The du ra t ion  of 

t h e  "N" wave was var ied  t o  f i n d  t h e  maximum window response. The pressure  

l e v e l  was taken a s  1 psf and was appl ied  i n  t w o  configurat ions:  

(1) The roof and window a r e  s t r u c k  simultaneously.  

(2) The window is sh ie lded  from t h e  shock wave and t h e  
roof ,  only,  is s t r u c k .  

It may be poss ib l e  f o r  f i r s t  mode e x c i t a t i o n s  t o  occur b u t  it is  unl ike ly  

s ince  t h e  window would be pul led outward by negat ive  pressure  while  t h e  

c e i l i n g  i s  pushed inward. 

The bas i c  d i f f e r e n t i a l  equat ions modeled by the  computer, a f t e r  

the  lumped parameter equiva len t  elements were ca l cu la t ed ,  a r e  a s  follows: 

.. 
300x1 + C ~ k l  + 43,OOOX, 4- 60(2025Xl - 49x,) = F l ( t )  

.. 
5X, + C,& + 1440% + 1.45(49& - 2025%) = F, ( t )  

, where 

Xl = Displacement of cen te r  of c e i l i n g  

X, = Displacement of cen te r  of window 

Fl ( t )  = Equivalent t o t a l  f a r c e  appl ied  t o  t h e  roof 

F2 ( t )  = Equivalent t o t a l  fo rce  appl ied  t o  t h e  window 

C1, C, = Damping cons tan ts  

A l l  u n i t s  a r e  i n  f e e t  

The r e s t o r i n g  f o r c e  terms i n  parenthes is  i n  each equat ion represent  t h e  

a c o u s t i c a l  coupl ing between t h e  c e i l i n g  and window, but a r e  not  equal  

s ince  there  i s  a la rge  d i f f e r e n t i a l  i n  a rea .  
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The g r e a t e s t  response of t h e  window, X;, was found t o  be -.12 f t .  o r  

-1.44 i n lps f  as shown in  Figure 1, corresponding t o  a T of .25. It may 

b e  of i n t e r e s t  t o  no te  t h a t  t he  abso lu te  maximum occurs roughly one 

period a f t e r  t h e  end of t h e  forced e r a ,  which ind ica t e s  t h a t  t h e r e  i s  a 

bea t ing  between the  c e i l i n g  and window. The d e f l e c t i o n  corresponding t o  

a 2.5 p s f  boom is 2.5 x 1.44 = 3.6 in .  The magnif icat ion f a c t o r  i s  

a p p ro x fma t e 1 y 

when r e f e r r e d  

equal to 

1440 
.12 - = 3.52 

%K 
- = z  

F 49 

t o  t h e  i n f i n i t e  b a f f l e  so lu t ion .  
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